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Abstract. The Suspected-Infected-Recovered (SIR) model is proposed to study the dynamic
transmission of dengue fever disease. The proposed SIR model contains two main populations,
namely human population and mosquito population as the host and the vector of dengue virus,
respectively. The overall aim of this research was to analyze the asymptotic stability of two
equilibrium states (disease-free state and endemic state) of the dengue fever transmission
model. Moreover, this work also showed the conditions of parameters that should be satisfied
in order to guarantee the stability of the equilibrium points.

1. Introduction

The transmission process of a particular infectious disecase can be represented by compartmental
models. The fundamental principle of thesemathematical models is to divide the population of the
study into two or more subpopulations.The veryfirst compartmental model was introduced by
Kermack and Mckendrick [1] who categorized each individual in the population to exactly one of
three subpopulations, namely suspected (S), infected (I) or recovered (R).Afterward, this model has
been extensively developed and became the basis for more advanced epidemic models.

A compartmental model which consists of suspected, infected and recovered subpopulation is
known as SIRmodel. Furthermore, the name of a compartmental model is based on the subpopulations
of the model. The number of subpopulations depends on the transmission characteristics of infectious
disease and the underlying assumptions of the models. For example, in the study of tuberculosis (TB)
infection, one usually adds one more subpopulation into SIR model, that is exposed (E) subpopulation
which represents an infected individual in the population but still does not shows any symptom like
infected individuals. In this situation, the SIR model become the SEIR model due to the presence of
the exposed subpopulation [2.3].

In dengue fever transmission, human population should be studied as well as the mosquito
population. This is the fundamental difference between dengue fever model and other compartmental
modelswhich usually consider the population of human only. This is because the spreading of dengue
fever is literally not only affected by the dynamics of dengue virus in the human body but also in
mosquitoes as the carrier or vector of dengue virus [4]. Due to the presence of two populations in the
model of dengue fever transmission, the dynamical system of the dengue fever model becomes more
complicated than one population model such as the epidemic model for TB disease.

The main objective of this study is to formulate the transmission of dengue fever based on the SIR
model with two populations (host and vector). The asymptotic stability of the equilibrium disease-free
state and endemic state of the transmission model is then shown by using Routh’s criteria [5]. In
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addition, the conditions of the model’s parameters given to achieve the stability state are also
investigated in detail. This study is essential tobe conducted since its mathematical concepts will
guarantee the proposed model’s convergence and stability when it appliesto real-life problems.

2. Dengue fever SIR model

Dengue fever disease is caused by the dengue virus through the biting of two kinds of mosquito,
namely Aedes aegypty and Aedes albopictus. Dengue virus has four serotypes (dengue virus 1 (DEN-
1), dengue virus 2 (DEN-2), dengue virus 3 (DEN-3) and dengue virus 4 (DEN-4) [6]. However, this
study only focusses on constructing a mathematical model of dengue fever based on one serotype
which is the simplest model among them.

In this work, the transmission process of dengue fever is assumed to follow SIR model. This means
that the population will be separated into three subpopulations (suspected, infected and recovered).
However, according to the dynamical transmission process of dengue fever disease, this study
considers two populations, namely human population as the host and mosquito population as the
vector or carrier of the virus[7,8]. Human population (Nj) consists of three subpopulations, such as
individuals who are still healthy but they are susceptible to be infected (Sy), individuals who are
infected by the virus (/},) and individuals who recovered from the disease (R}). Meanwhile, the vector
population(N,,) contains two subpopulations, namely susceptible mosquitoes (S,) and infected
mosquitoes (/). In other words, this model assumes that the infected mosquitoes unable to recover
once they are infected by the dengue virus.

In this study, the number of vectors is assumed to be fixed although the spread of the virus
continues in the population. In other words, the recruitment rate of the mosquitoesis assumed as a
constant (C). Meanwhile, the initial number of suspected individuals is affected by the birth rate of
human (o) which should be equal to the human mortality rate (u;) to keep the initial number of
suspected human still constant. At each time period, both human and mosquitoes must belong to
exactly one respected subpopulation. The probability of the virus transmission from the vector to the
host and the probability of the opposite transmission (from the host to the vector) are symbolized by
By and f3, respectively. The biting rate of the mosquitoes to the human is b whereas human recovery

rate and vector mortality rateare yp and p,, respectively. The probability of suspected individuals
Brbly
N

become infected people is represented by the formula , where b can be interpreted as the

sufficient rate of the transmissionfromthehuman to the mosquitoes.It is also assumed that human will
immediately receive any treatment when they just get infected. When infected people are treated, they
will have lifetime immunity which means that the re-infection condition is not allowed.In the
Bubip
Np
Byb is the sufficient rate of the transmission from the infected mosquitoes to the human. The whole
dynamical system of dengue fever epidemic model in both the host population and vector population
can be described by a differential equations system as follow

population of the vector, the probability of the mosquitoes to be infected is represented by , where

1Sn =ty — (P2 4 1) S (1a)
o= (B222) S = rn+ 1)l (1b)
%Rh = ¥nlh — unRp (le)
L5, =C- EN—'ffhsv - S, (1d)
=20, — . (le)

Since the total number of the human population is the sum of each human subpopulation, the first
condition of the model is

Nh:Sh+‘rh+Rh:>Rh:Nh_Sh_IhA (2)

(5]




Sriwijaya International Conference on Basic and Applied Science E)P Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1282 (2019) 012013 doi:10.1088/1742-6596/1282/1/012013

Meanwhile, the total number of the mosquito population is N, = S, + I,. So, we get
d d
ENU:E(SV+IU):C_#UNU‘ (3)

. N dNy .
It is assumed that the total number of mosquitoesis constant so that d—t" is equal to zero and

Equation (3) becomes

d [
ENUZCiﬂuNDﬁochﬂvNuﬁNv:?a

v

which gives the second condition:

o=5, 41, @)
Therefore, the system (la)-(1e) can be simplified as follows
Sn =l — (B2 ) 5 (5a)
Sin = (B222) S — rn+ )l (5b)
ol =SS, — ol (50)
The system (5a)-(5¢) can also be normalized by expressing §'), = i—i, I'y = ;—:{ and I', = ;—’; = %
Therefore, the equation (5a) can be simplified as
= (B2 )

Lo — _ gy — (Bnbly o
& Sy = (1-5") ( Nr Sh)
d v _ ' BrbNylty o,
& S = (1-5") - (_Nn § h)
d BrbC
= =Sy =u(1-5"p) - (mf’us’h)
d ., '
& =S = pup(1 = 5"y) — al'y Sy (6a)
Then, Equation (5b) becomes
i o Shb!i} S_P(i !_h
aln= ( N )N,, (Yth‘uh)Nh
S Sy =al'yS'y = pl'n. (6b)
Meanwhile, Equation (5c¢) can be simplified as

d Bub
E‘rv = Ni InSy — wply,

d .  Sp '
ﬁa‘ru:ﬁvb'rh”*vf I’y

d NI )
& gl =BblI'n () — wl'y

Sl =YL= — 81, (6¢)

BnbC
“— B =yn+un.y=Pyband 8 = p,.
Np iy

where a =

3. Results and analysis
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In this section, the equilibrium points of the system of differential equations (6a)-(6¢c) will be
determined. Then, the asymptotic stability of the equilibrium points obtained is examined by using
Routh’s criteria.

3.1. Equilibrium points

The equilibrium states (S*p, I*,,1*,,) of the dynamical system can be obtained by adjusting the right-
hand side of equations (6a)-(6c¢) to zero. Consequently, the firstequilibrium states are obtained, that is
the disease-free state £(1,0,0).

. G . . d
Endemic equilibrium points occurs when I’y # 0 and [I', # 0. Therefore, by setting ES'h =

%I’h = %S'h = 0, the systems (6a)-(6¢) becomes
up(1=5"p) —al'yS'y, =0, (7a)
al' ,§'y — pl'y =0, (7b)
y(1—=I')'y — 8I', = 0. (7¢)

By substituting Equations (7a) and (7b) into Equation (7¢) vielding the second equilibrium points,
that isthe endemic state E; (S*, 1"y, I*,,) where

¥ _ MpytpS
$'h= ¥(upt a)’ (8a)
v _ Hhlya+pd)
In = e G (80)
« _ Balyatfs)
I = By (®c)

3.2. Routh scriterion
Theasymptoticstability of equilibrium points of a differential equations system can be shown by using
Routh’scriterion [4]. Let M is a matrix that represents a differential equations system. The eigenvalues
of M are the roots of the characteristic polynomial det(Al —M) = a,A" + a, A" 1D +
(A2 + o+ @14 + g with @, = 1. According to Routh’s criterion, the asymptoticstability of
M evaluated at equilibrium pointscan be investigated directly by analyzing the coefficients {a;} where
i=0,1,...,n. The procedure of Routh’s criterion can be written in the following way:
1. Arrange {a;}in the form of Routh’s matrix:
an Az Qp—g
an—1 Qp-3 Qp-s
R=| bh b, b
cy Cy o

where the coefficients {b;}.{c;]}. ... can be obtained by using these following formulas:

b = Ap—10n—3~Andn=—3 b, = Ap—10n—4~Andn=—5
1= g = P
An-1 An-1
o = byay_z—an_1b; & = byan_s—ap—1bs
1 by € by

2. The scheme in the first step will be continued until only zeroes appear.

3. Itis also assumed that the first n+1 elements of the first column of Matrix (9) are well defined and nonzero.

4. Based on the assumption in the previous step, the matrix R has eigenvalues with negative realpart if and
only if the elements in the first column all have the similar sign. In other words, if each element of the first
column of Matrix (9) is positive, the system which is represented by matrix M is stable around the
equilibrium points considered.

3.3. Stability analysis
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In this works, the asymptoticstability of two equilibrium points of differential equations system (6a)-
(6¢) will be investigated by using Routh’s criterion. In order to conduct the analysis, the differential
equation system (6a)-(6¢) should be firstly linearized so it can be written as follows:

fE' W' l'y)=pp(1=8"y) —al'yS'y , (9a)
gy 'y, 1'y) =al’,s'y, — I’y , (9b)
h(S"w 'p 1'y) =y(A=1" )"y — 61, . (9¢)

By linearization of the Equations (9a)-(9c¢), it yields

of _ 3f(un(1-5"n)-alrvS'n)

_ [
as'y as’y, —_ﬂh_l‘lfv.,
af af(gh(l—s’h]—an,,s'h) -0
al'p ar'y :
af _ af(ph(l—s’h)—aﬂvs';h) _ S"
ar', ar, =T h,
dg alalty,Stp—Fity) '
=4 P _ap,

a5’y as'y
dg _ d(altySip=FIrp) _ _,6
ar'y ar'y ’
a d(alr,St,—B1r
;f: ( "St‘gh)zczS'h,
ar', ar,
ah _ a(yQ-1)'y=81t,) 0
a5y - as'y -
ah Ay (1-11,)1' = 8113,) .
LA VS St L s YT
a!’h arlh }I( v)'!
oh _ Ay (1-11,)1" = 811,) — 'y -6
ary, al'y,

All of these linearizations become the elements of the Jacobian matrix (]J) which has the form

af  af af
[ﬂS’h ary ;'v]
dg dg  dg
I=las arn o
8h  8h  ah
as'y ary, ar

so that it can be obtained a Jacobian matrix of differential equation system (6a)-(6¢) as follows

—pup—al’, 0 —as'y,
J= al’y -B asSy | (10)
0 y(=1) —yl'h—6

3.4. Stability analysis of disease free equilibrium point.

Substituting the disease-free equilibriumpoint £5(1,0,0) into Jacobian matrix (10) yields the following
matrix

—~un 0 —a
=l o -p « } (1)
0 y —é

To determine the eigenvalues of the Matrix (11), nontrivial solutions are needed for the following
equation

(AI-J)x =0, (12)
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where A is the eigenvalue, I is identity matrix with respect to matrix J'and X is a column vector of the
variables. The Equation (12) has nontrivial solutions if and only if |Al —J'| = 0. Consequently, by
using MAPLE 11, the characteristic equation of Jacobian matrix (11) which is evaluatedon the
disease-free equilibrium pointcan be written as

B+ 226+ B+ ) + ABS + b + ppff — ay) + (upay — upf8) = 0. (13)

Let x= 6+F+up, v=up(d+p)— (ay —p38), and z = yy (ay — £5). By using the values
x,y and z, the Routh matrix of the characteristic equation (13) can be obtained as follows

an ap-z Op-a 1 y 0
R = Un-1 Op-3 Up-s5 — xyx—z z 0

b, b, by =X 0 of

Cq C7 C7 z 0 0

By using Routh’s criterion, we should check the first column in the Matrix R’. If each element in
the first column has the same sign,it can be concluded that the differential equations system (6a)-(6¢)
is stable around the equilibrium point £y (1,0,0).

It is clear that 1, x> 0 since &, § and uj, are positive. The value of ¢; = z > 0 if and only if ay >

B6. Meanwhile, the value of b; = xi_z >0exy>ze x> i«‘:) (E+B+up>
%. Therefore, the system is stable around E,;(1,0,0) if and only if ay > 8 and
(5 +;8 + .uh) > pnl(ay—F5)

tn(8+8)—(ay—£8)
3.5. Stability analysis of endemic equilibrium point

Inserting the endemic equilibrium pointE; ($*y, ", 1*,) into Jacobian matrix (10) yielding

Y(pptal+2B8 ipy+B8s
— il At e 0 —g e
K ( Yip+pBE ) av(mﬁ @)
"o_ Mp(ya+fd) _ Uny+BE
I = (ypn+p8) B “ ylun+ a) (14)
0 _ ma(yat+fE)Y  (up(yatBE) 5
y( a(mwé‘)) ( e T )

By using similar steps with the stability analysis for E;(S*,,[*, I*,) in the previous subsection
and the help of MAPLE, the characteristic equation of the Jacobian matrix (14) can be obtained as
follows

A+ 2+ B+ wp) + AP + ptuy + pPuy, — gsay) + (grsay — pgsppay + ptfu,) = 0, (15)
where
_ (Yl a)+265
P= ( Yurt+Bé )

7= (Sl )

= (#nlra+Bd)
r=(Grin)
= (1 — pnlya+ps)
s=(1-nis):
Hnlya+Bs)
t=(~———T—-+48).
( B(up+a) )
Let x' = t + B + upp, ¥' = tB + ptup + pBu, — qsay and 2’ = grsay — pqsppay + ptfuy. By
using the values ofx’, ' and z’, the Routh matrix of the characteristic equation (15) can be obtained as
follows
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1 y 0
" X z 0
R = |xmyr—zr o ol
xt
z' 0 0

Therefore, the differential equation system (6a)-(6¢) is stable around the endemic equilibrium
pointEy (S*y, I*p, 1",) if and only if grsay + ptBuy > pgsupcy and(t + B + upp) (tB + ptun +
PBin — qsay) > qrsay — pqsppay + pthuy, .

4, Conclusions

In this paper, we have developed a compartmental SIR model of the dengue fever spreading based on
several assumptions given which contains two equilibrium points, namely disease-free equilibrium
point and endemic equilibrium point.The asymptoticstability of both equilibrium points was analyzed
by using Routh’s criterion. The analysis showed that there are several conditions of parameters that
should be satisfied in order to guarantee the asymptoticstability of the equilibrium points.
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