Differen tial and Integral Equations Volume 17, Num bers 1–2, Jan uary/F ebruary 2004, Pages 151–164

GLOBAL SMOOTH SOLUTIONS TO A CLASS OF ONE-DIMENSIONAL HYPERBOLIC PR OBLEMS WITH BOUND AR Y DAMPING

Darma wijo yo^1, Ph. Cl ément, and W.T. van Horssen Departmen t of Applied Mathematical Analysis, ITS Delft University of Technology, Mekelweg 4, 2628 CD Delft, The Netherlands

(Submitted by: G. Da Prato)

Abstract. In this pap er an initial –boundary-v alue problem for a nonlinear string (or wave) equation with nonclassical boundary conditions is considered. One end of the string is assumed to be fixed and the other end of the string is attac hed to a dashp ot system, where the (positive) damping is generated. Existence, uniqueness, and regularit y of solutions to this problem are investigated.

1. Intr oduction

It is the purp ose of this paper to show the global existence and regularit y of solutions to the initial –boundary-v alue problem (P) u_{tt} − u_{xx} = cu_t − σ(u_t), 0 < x < π, t > 0, (1.1) u(0,t) = 0, t ≥ 0, (1.2) u_x(π,t) = − αu_t(π,t), t ≥ 0, (1.3) u(x, 0) = u_0(x), 0 ≤ x ≤ π, (1.4) u_t(x, 0) = u_1(x), 0 ≤ x ≤ π, (1.5) where c and α are positive constan ts, where σ is a monotonic, increasing, and continuous function with σ(0) = 0, and where u_0 and u_1 satisfy certain regularit y conditions, which will be given later. In this initial –boundaryvalue problem the function u describ es the vertical displacemen t of a nonlinear string which is fixed at x = 0 and which is attac hed at x = π to a dashp ot system which generates positive damping. These problems can be applied to galloping oscillations of overhead transmission lines; see for instance [6]. For the case of a Dirichlet boundary condition at both boundaries the well-posedness of the weak solution can be found in [3], even for higher

Accepted for publication: Octob er 2003. AMS Sub ject Classifications: 35L20, 35L70, 47H20. 1On leave from State University of Sriwijaya, Indonesia 151

dimensions. For the case σ(u_t) = ϵu^3_t with Dirichlet boundary conditions, the problem has been studied in [1] and [6]. In [7] the initial –boundary-v alue problem (P)( 1.1)–(1.5) has also been studied numerically for σ(u_t) = Cu^3_t , C a constan t.

Our goal is to establish the global existence of solutions to (P)( 1.1)–(1.5) which are C^2([0,π]× [0,∞ )). One verifies that the functions u_0 and u_1 also satisfy the following compatibilit y conditions:

u_0(0) = 0, u^{′′}_0(0) = 0, u_1(0) = 0, (1.6)

u^′_0(π) + αu_1(π) = 0, u^′_1(π) + α(u^{′′}_0(π) + cu_1(π) − σ(u_1(π))) = 0. (1.7)

Before stating our main result we make some comments about uniqueness and “con tinuous dependence” upon the data. Suppose u and ũ are two solutions of the initial –boundary-v alue problem (P)( 1.1)–(1.5). Let w(x, t) = u(x, t)− ũ(x, t) for (x, t) ∈ [0,π]× [0,T]. By subtracting the PDE’s for u and ū from each other, then by multiplying by w_t, and then by integrating with respect to t from 0 to t and with respect to x from 0 to π, and by making use of the fact that σ is increasing, we obtain the following energy estimate:

E_k(t) + E_p(t) + α

�_t 0 w^2_t (π,s)ds ≤ E_k(0) + E_p(0) + 2c

�_t 0 E_k(s)ds, (1.8)

where

E_k(t) = 1 2 �_π 0 w^2_t (x, t)dx and E_p(t) = 1 2 �_π 0 w^2_x(x, t)dx.

Using Gronwall’s inequalit y it follows from (1.8) that

E_k(t) + E_p(t) ≤ (E_k(0) + E_p(0))e^{2ct}. (1.9)

Now given u(x, 0) = ũ(x, 0) and u_t(x, 0) = ũ_t(x, 0) for 0 ≤ x ≤ π it can readily be seen from (1.9) that if a solution exists then it is unique (w(x, t) = 0 =⇒ u_1(x, t) = u_2(x, t)). It also follows from (1.9) that if the solution exists it “dep ends continuously” on the initial values. Now we are in a position to state our main result. It is formulated in the following theorem.

Theorem 1.1. Suppose σ ∈ C^2(R), σ^′ ≥ 0, and σ satisfies σ(0) = 0. Let α and c be positive constants. Suppose u_0 ∈ C^3[0,π] and u_1 ∈ C^2[0,π] satisfy the conditions (1.2)–(1.3) and (1.6)–(1.7). Then problem (P)( 1.1)–(1.5) has a unique, twice continuously differentiable solution for (x, t) ∈ [0,π]× [0,T], where T is an arbitr ary positive constant.

Remark 1.1. It will follow from our proof that the conditions on u_0 and u_1 can be weakened to u_0 ∈ H^3(0,π) and u_1 ∈ H^2(0,π).

This paper is organized as follows. In Section 2 we show that problem (P)( 1.1)–(1.5) can be rewritten as a differential equation in an appropriate Hilbert space H, dz dt (t) = Az(t) + Bz(t), z(0) = z_0. (1.10)

Here A is a nonlinear, m-dissipativ e operator in H and B is a linear, bounded operator in H. The existence of global solutions follows from a theorem of Kato [5]. This approac h requires only that σ be continuous and provides a unique solution

u ∈ W^{2,∞} ((0,T); L^2(0,π)) ∩ W^{1,∞} ((0,T); H^1(0,π)) ∩ L^∞ ((0,T); H^2(0,π)). (1.11) Assuming σ ∈ C^1(R) we show by using a regularit y result for linear equations in H that the solution

u ∈ C^2([0,T];L^2(0,π)) ∩ C^1([0,T];H^1(0,π)) ∩ C([0,T];H^2(0,π)). (1.12)

In Section 3 we establish C^2 regularit y by writing an integral equation for u_t. This allows us to establish the required regularit y under the assumptions of Theorem 1.1. Notation. In this paper we will use the following notation. L^2, H^1, and H^2 stand for L^2(0,π), H^1(0,π), and H^2(0,π) respectively. Similarly, C, C^1, and C^2 stand for C[0,π], C^1[0,π], and C^2[0,π] respectively. Also, we will use the somewhat uncommon notation H^1_0 for {u ∈ H^1;u(0) = 0}.

2. Global str ong solutions

It will be shown that the initial –boundary-v alue problem (P)( 1.1)–(1.5) possesses a unique “strong” global solution. To show the well-posedness of the problem we rewrite problem (P)( 1.1)–(1.5) as a system in an appropriate Hilbert space. Setting v(t) = u(·,t), w(t) = u_t(·,t), and z(t) := (v(t),w(t))^T . We obtain an equation of the form dz dt (t) = Az(t) + Bz(t), t ≥ 0, z(0) = z_0, (2.1)

where

Az(t) := A � v(t) w(t) � = � w(t) v(t)_{xx} − σ(w(t)) � , (2.2) and Bz(t) := B � v(t) w(t) � = � 0 cw(t) � , (2.3) and where z(0) = (u_0,u_1)^T . This motivates the following definitions. Let H := {z = (v,w) ∈ H^1_0 × L^2} be equipp ed with the inner product

⟨z,z̃⟩ =

�_π 0 (v_xṽ_x + ww̃) dx (2.4)

= ⟨v,ṽ⟩_1 + ⟨w,w̃⟩_2. (2.5)

Then H is a Hilbert space. Let

D(A) := {z = (v,w) ∈ H^2 ∩ H^1_0 × H^1_0 ;v_x(π) + αw(π) = 0}, (2.6)

and A be as in (2.2). It should be observed that the operator B defined in (2.3) is linear and bounded in H. To show the global solvability of (2.1) we apply the following theorem.

Theorem 2.1. Let A be a (single-valued) m-dissipative operator in the Hilbert space H, and let B be a Lipschitz operator in H. For every z_0 ∈ D(A) and every T > 0 there is a unique, absolutely continuous z : [0,T] → H such that z(0) = z_0 and (2.1) holds at almost every t > 0. Also, z is Lipschitz continuous and right-di fferentiable with z(t) ∈ D(A) for all t > 0 and

d^+ z

dt = Az(t) + Bz(t), for all t ≥ 0.

This theorem is a slight modification of a theorem of Kato (see [5]). Let ω ≥ 0 be the Lipschitz constan t of the operator B. It is easy to see that B − ω I, where I is an identity operator, is dissipativ e and Lipschitz continuous, and therefore it is m-dissipativ e. From the m-dissipativit y of A and B − ω I it follows that A + B − ω I is m-dissipativ e. To complete the proof we now can apply the theorem of Kato which can be found for instance in [5, page 180]. Moreover, if z : [0,T] −→ E is the solution of (2.1), then the solution z is Lipschitz continuous and right-differentiable with z ∈ D(A).

To show the solvability of the abstract Cauchy problem (2.1) according to Theorem 2.1 we need only the following lemma.

Lemma 2.1. Let the function σ be monotonic ally increasing and continuous with σ(0) = 0, and let α > 0. Then the nonlinear operator A defined in (2.2) is m-dissipative on H, and D(A) is dense in H.

Pro of. First we show that D(A) is dense in H. Let us introduce the subspaces E := {v ∈ H^2;v(0) = v_x(π) = 0} and F := {w ∈ H^1;w(0) = w(π) = 0}. It is standard that E is dense in H^1_0 and F is dense in L^2. Moreover E × F ⊂ D(A). Hence D(A) is dense in H.

To complete the proof of this lemma we have to show that A is dissipativ e, and that the range of λI − A is equal to H for a λ > 0. Now we show that A is a dissipativ e operator. Let z,z̃ ∈ D(A). A straigh tforward computation shows that (using the fact that σ is monotonic increasing)

⟨Az − Az̃,z − z̃⟩ = �_π 0 [(w − w̃)_x (v − ṽ)_x + ((v − ṽ)_{xx} + σ(w̃) − σ(w)) (w − w̃)]dx

= − α(w(π) − w̃(π))^2 −

�_π 0 (σ(w) − σ(w̃))(w − w̃)dx ≤ 0. (2.7)

So we have shown that the nonlinear operator A is a dissipativ e operator. Secondly, for any z_0 ∈ H with z_0 = (g,h) we will show that there exists a z ∈ D(A) such that (I − A)z = z_0, (2.8) or equivalently v = w + g, (2.9) w = v_{xx} − σ(w) + h, (2.10) v(0) = 0, v_x(π) + αw(π) = 0. (2.11) Let us assume that g ∈ H^2 ∩ H^1_0 . Then it follows that y = y_{xx} − σ(y) + f , (2.12) y(0) = 0, y_x(π) + αy(π) = − g_x(π), (2.13) where f = h + g_{xx} ∈ L^2 and where y = v − g. To show that the boundaryvalue problem (2.12)–(2.13) is solvable we will apply a variational metho d by introducing the functionals ⟨,⟩, φ , and J from H^1_0 into R which are defined by ⟨y,y⟩ =

�_π 0 � (y^′)^2 + y^2 � dx, φ (y) =

�_π 0 f ydx, (2.14)

J (y) =

�_π 0 j(y)dx + α 2 � y(π) + 1 α g_x(π)

�_2 , (2.15)

where j(s) =

�_s 0 σ(ξ)dξ with s ∈ R. For y ∈ H^1_0 we define the functional I(·) by I(y) = 1 2 ⟨y,y⟩ − φ (y) + J (y). (2.16) It is clear that the functional I is continuous. From the fact that σ is monotonic increasing it follows that the functional I is coercive. Next, to see that I is convex it enough to show that the functional j is convex. Let a, b ∈ R with a ≤ b. For any λ ∈ (0,1) it is easy to see that a < (1 − λ)a + λb < b. By using the mean-value theorem and the fact that σ is monotonic increasing it follows that j((1 − λ)a + λb) ≤ (1 − λ)j(a) + λj(b). From convexity, coercivity, and continuity of I it follows that there exists a unique ȳ ∈ H^1_0 such that I(ȳ) ≤ I(y) for all y ∈ H^1_0 . Now for arbitrary y ∈ H^1_0 we define ϕ : R −→ R by

ϕ(t) := I(ȳ + ty). (2.17)

Since ϕ is continuously differentiable and ϕ(0) is minimal it follows that ȳ ∈ H^2 and satisfies

�_π 0 � ȳ − ȳ^{′′}+ σ(ȳ) − f � ydx + � ȳ^′(π) + αȳ + g_x(π) � y(π) = 0. (2.18)

We have to notice that the equation (2.18) holds for every y ∈ H^1_0 . So ȳ is the solution of the boundary-v alue problem (2.12)–(2.13) in the sense of distributions.

Now let us assume that g ∈ H^1_0 . Then there exists a sequence g_n in H^2 ∩ H^1_0 such that g_n −→ g in H^1. For all n ∈ N^+ there is a unique z_n = (v_n ,w_n ) ∈ D(A) such that

v_n = w_n + g_n , (2.19) w_n = v_{nxx} − σ(w_n ) + h, (2.20) v_n (0) = 0, v_{nx} (π) + αw_n (π) = 0. (2.21)

Since A is a dissipativ e operator on H an a-priori estimate can be obtained, that is, ‖z_n − z_m ‖_H ≤ ‖f_n − f_m ‖_H , (2.22)

where f_n = (g_n ,h)^T ∈ H. From (2.22) it follows that {v_n } and {w_n } are Cauchy sequences in H^1 and L^2 respectively. Moreover, (H^1,⟨ , ⟩_1) and (L^2,⟨ , ⟩_2) are complete, implying that there are v̄ ∈ H^1 and w̄ ∈ L^2 such that v_n −→ v̄ and w_n −→ w̄. Furthermore, {v_n } is also a Cauchy sequence in C^0 with maximum norm. Therefore we obtain v̄ ∈ H^1_0 . From the continuity of σ it follows from (2.19) and (2.20) for n −→ ∞ that

w_n = v_n − g_n −→ v̄ − g = w̄ ∈ H^1_0 , (2.23) and v_{nxx} = w_n + σ(w_n ) − h −→ w̄ + σ(w̄) − h ∈ L^2. (2.24)

Next we will show that v̄ ∈ H^2 ∩ H^1_0 and that v_{nxx} converges to v̄_{xx} . Since v_n is in H^2 it follows that there are positive constan ts c_1 and c_2 such that

‖(v_n − v_m )^′‖_L2 ≤ c_1‖v_n − v_m ‖_L2 + c_2‖(v_n − v_m )^{′′}‖_L2 . (2.25)

It can readily be seen from (2.25) that v^′_n −→ v̄^′ in L^2. For n −→ ∞ it follows from �_π 0 v^′_n φ^′dx = −

�_π 0 v^{′′}_n φ dx

(for arbitrary φ ∈ H^2 where φ vanishes for x = 0 and π) that �_π 0 v̄^′φ^′dx = −

�_π 0 (w̄ + σ(w̄) − h)φ dx.

So, v̄ ∈ H^2, and v̄^{′′}= w̄ + σ(w̄) − h in L^2 with v̄(0) = 0. It also follows from (2.24) that v_{nxx} −→ v̄^{′′} in L^2. Finally, we have to show that v̄ and w̄ satisfy the boundary conditions (2.11). To show this we integrate (2.20) once, yielding

v_{nx} (x) = −

�_π x (w_n + σ(w_n ) − h)dx − αw_n (π). (2.26)

It can also be shown that w_n −→ w̄ uniformly in C with the maximum norm. Again by using the continuity of σ and the Lebesgue monotone convergence theorem it follows from (2.26) that

v̄_x(x) = −

�_π x (w̄ + σ(w̄) − h)dx − αw̄(π). (2.27)

We deduce from (2.23) and (2.27) that for any z_0 ∈ H there is z ∈ D(A) such that the equations (2.9)–(2.11) hold. This completes the proof of the lemma. □ Let z_0 =

�_{u0}

u_1 � ∈ D(A), and let z : [0,∞ ) → H be the corresp onding solution to problem (2.1) given by the Theorem 2.1. Set

z(t) = � v(t) w(t) � , t ≥ 0. (2.28)

Then we have for every T > 0,

v ∈ W^{1,∞} ((0,T); H^1_0 ) (2.29) w ∈ W^{1,∞} ((0,T); L^2) (2.30) v(t) ∈ H^2 ∩ H^1_0 , for every t ≥ 0 (2.31) w(t) ∈ H^1_0 , for every t ≥ 0 (2.32) d^+ v dt (t) = w(t) in H^1 for every t ∈ [0,T] (2.33) d^+ w dt (t) = (v(t))_{xx} + cw(t) − σ(w(t)) in L^2 for every t ∈ [0,T]. (2.34)

Notice that since w(t) ∈ H^1_0 (w(t) ∈ C), hence σ(w(t))(x) := σ(w(x, t)) is well-defined for x ∈ [0,π], and σ(w(t)) ∈ C. Next we want to establish that the function z satisfies the following integral equation in H:

z(t) = z_0 + A_0

�_t 0 z(s)ds +

�_t 0 f (s)ds, t ≥ 0, (2.35)

where the operator A_0 is defined as the operator A but with σ(s) = cs, s ∈ R, and where

f (t) := � 0 cw(s) − σw(s) � , t ≥ 0. (2.36)

Notice that the operator A_0 is linear m-dissipativ e and densely defined. If we can show that the function f ∈ W^{1,1}((0,T); H), then it will follow from Theorem 8.1 in [2] that z ∈ C^1([0,T];H) ∩ C([0,T];D(A_0)) for every T > 0. From this we shall obtain v ∈ C^2([0,T];L^2) ∩ C^1([0,T];H^1_0 ) ∩ C([0,T];H^2). In order to prove (2.35) we use the fact that

w ∈ C([0,T];C) for every T > 0. (2.37)

Indeed, it follows from (2.30) that w ∈ W^{1,∞} ((0,T); L^2) and from (2.29) and (2.33) that w ∈ L^∞ ((0,T); H^1_0 ). Then (2.37) follows from Lemma A1 from the appendix. Since v ∈ W^{1,∞} ((0,T); H^1_0 ), w ∈ L^∞ ((0,T); H^1_0 ), and^{dv}_{dt} = w almost everywhere in H^1_0 we have

v(t) = u_0 +

�_t 0 w(s)ds, t ≥ 0, (2.38)

in H^1_0 . From (2.37) we also have t → σ(w(t)) ∈ C([0,T];C); hence, cw− σ(w) ∈ C([0,T];L^2), and the function f defined in (2.36) belongs to C([0,T];H). From (2.31) and (2.34) we deduce t → (v(t))_{xx} belongs to L^∞ ((0,T); L^2); hence, by integrating in L^2 we get

w(t) = u_1 +

�_t 0 (v(s))_{xx} ds +

�_t 0 (cw(s) − σ(w(s)))ds, ∀t ≥ 0, in L^2.

(2.39) From (2.30) and (2.33) we have z(t) ∈ D(A_0) = D(A) and A_0z(t) = �_0

w(t)− (v(t)_{xx} � for every t ≥ 0. Since A_0 is linear m-dissipativ e, densely defined f ∈ C([0,T];H), it follows from Theorem 6.2 and 7.2 of [2] that there exists a function z̃ ∈ C([0,T];H) satisfying

�_t 0 z̃(s)ds ∈ D(A_0) for every t ∈ [0,T] and z̃(t) = z_0 + A_0

�_t 0 z̃(s)ds +

�_t 0 f (s)ds, 0 ≤ t ≤ T. (2.40)

Consequen tly, the function z − z̃ ∈ C([0,T];H) satisfies

z(t) − z̃(t) =

�_t 0 A_0z(s)ds − A_0

�_t 0 z̃(s)ds (2.41) = �_t 0 (A_0 − I)z(s)ds − (A_0 − I)

�_t 0 z̃(s)ds +

�_t 0 (z(s) − z̃(s))ds.

Note that 0 ∈ ρ(A_0 − I) in H; hence,

(A_0− I)^{− 1}(z(t)− z̃(t)) =

�_t 0 z(s)ds−

�_t 0 z̃(s)ds+ (A_0− I)^{− 1}

�_t 0 (z(s)− z̃(s))ds.

(2.42) This shows that

�_t 0 (z(s) − z̃(s))ds ∈ D(A_0) and

(z − z̃)(t) = (A_0 − I)

�_t 0 (z(s) − z̃(s))ds +

�_t 0 (z(s) − z̃(s))ds

= A_0

�_t 0 (z(s) − z̃(s))ds. (2.43)

Since z − z̃ ∈ C([0,T];H) and

�_t 0 (z(s) − z̃(s))ds ∈ D(A_0) it is an integral solution, and by uniqueness (Theorem 6.1 of [2]), z − z̃ = 0, hence z = z̃, which establishes (2.35). Next we apply Theorem 8.1 of [2] to show that z ∈ C^1([0,T];H) ∩ C([0,T];D(A_0)). Since z_0 ∈ D(A_0), it suffices to establish f ∈ W^{1,1}((0,T); H); i.e., cw − σ(w) ∈ W^{1,1}((0,T); L^2). Note that w ∈ W^{1,∞} ((0,T); L^2) by (2.30). Since L^2 is a Hilbert space it is sufficien t to prove σ(w) ∈ Lip((0,T); L^2). From (2.37) we can define w̃(x, t) = w(t)(x), (x, t) ∈ Q_T := [0,π]× [0,T]. Then w̃ ∈ C(Q_T ). Set C_1 := max_{QT} |w̃| and C_2 := max_{|ξ|≤ C1} |σ^′(ξ)|, where we assume from now on that σ ∈ C^1(R). Then for 0 ≤ t_1 ≤ t_2 ≤ T, x ∈ [0,π], |σ(w(t_1))(x) − σ(w(t_2))(x)| = |σ(w̃(x, t_1)) − σ(w̃(x, t_2))| ≤ C_2|w̃(x, t_1) − w̃(x, t_2)| = C_2|w(t_1)(x) − w(t_2)(x)|. (2.44) Hence, ‖σ(w(t_1)) − σ(w(t_2))‖^2_L2 ≤ C^2_2|t_1 − t_2|^2.

It follows from (2.30) that there is C_3 > 0 such that ‖w(t_1) − w(t_2)‖^2_L2 ≤ C^2_3|t_1 − t_2|^2. (2.45) As a consequence σ(w) ∈ Lip((0,T); L^2), and we are done. Finally from z ∈ C^1([0,T];H) ∩ C([0,T];D(A_0)) and using (2.33) and (2.34), it follows that v ∈ C^2([0,T];L^2) ∩ C^1([0,T];H^1) ∩ C([0,T];H^2). Summarizing, we obtain

Prop osition 2.1. Under the assumptions of Theorem 1.1 with σ ∈ C^1(R) (instead of C^2(R)), the functions (v,w) defined in (2.28) have the following regularity: v ∈ C^2([0,T];L^2) ∩ C^1([0,T];H^1_0 ) ∩ C([0,T];H^2 ∩ H^1_0 ), (2.46) w ∈ C^1([0,T];L^2) ∩ C([0,T];H^1_0 ). (2.47)

3. Classical solutions Let T > 0 and let z ∈ C^1([0,T];H) ∩ C([0,T];D(A_0)) be the solution of (2.35) obtained in Prop osition 2.1. In this section we shall prove that under the assumptions of Theorem 1.1 the following holds: ż ∈ C^1([0,T];H) ∩ C([0,T];D(A_0)). (3.1) As a consequence z ∈ C^2([0,T];H) ∩ C^1([0,T];D(A_0)). Then v ∈ C^2([0,T];H^1_0 )∩ C^1([0,T];H^2 ∩ H^1_0 ), w ∈ C^2([0,T];L^2)∩ C^1([0,T];H^1_0 ). Set Q_T := [0,π]× [0,T] and u(x, t) := v(t)(x), for (x, t) ∈ Q_T . (3.2) From v ∈ C^2([0,T];H^1_0 ) we have v ∈ C^2([0,T];C) and v(t)(0) = 0, t ∈ [0,T]. Moreover v̇,v̈ ∈ C([0,T];C); hence, u, u_t,u_{tt} ∈ C(Q_T ) and u(0,t) = 0, t ∈ [0,T]. (3.3) From v ∈ C^1([0,t];H^2 ∩ H^1_0 ) we obtain v̄ ∈ C([0,T];C^1); hence, u_x,u_{xt} ,u_{xx} ∈ C(Q_T ). (3.4) It follows from (3.3) and (3.4) that u ∈ C^2(Q_T ) and u_{xt} = u_{tx} on Q_T . Finally, from dw dt (t) = (v(t))_{xx} + cw(t) − σ(w(t)), t ∈ [0,T] in L^2 (3.5) and ẇ ∈ C([0,T];C), w ∈ C([0,T];C), t → σ(w(t)) ∈ C([0,T];C), we obtain t → (v(t))_{xx} ∈ C([0,T];C); hence, by integrating in x we get t → v(t) ∈ C([0,T];C^2). (3.6) It follows that u_{xx} ∈ C(Q(T)); (3.7) hence, u ∈ C^2(Q(T)). Consequen tly, since w ∈ C([0,T];C) and w(t)(x) = v̇(t)(x), we have w(t)(x) = u_t(x, t), and from (3.5) we obtain

u_{tt} (x, t) = u_{xx} (x, t) + cu_t(x, t) − σ(u_t(x, t)), in Q_T . (3.8)

Since z(0) = � u_0 u_1 � and w(0) = (v̇)(0), we have u(x, 0) = u_0(x) and u_t(x, 0) =

u_1(x), x ∈ [0,π]. Finally, from z ∈ C([0,T];D(A_0)) we have (v(t))_x(π) + αw(t)(π) = 0, t ∈ [0,T], and Theorem 1.1. is proved. It remains to establish (3.1). From (2.35) and Prop osition 2.1 we have

ż(t) = A_0z(t) + f (t), t ∈ [0,T] in H, z(0) = z_0 ∈ D(A_0). (3.9)

Set q = ż; then q ∈ C([0,T];H) and

�_t 0 q(s)ds = z(t) − z(0) ∈ D(A_0), t ∈ [0,T], and

q(t) = A_0z_0 + A_0

�_t 0 q(s)ds + f (t), t ∈ [0,T] in H, (3.10)

where f (t) is given by (2.36),

f (t) − f (0) = � 0 (cw(t) − σ(w(t))) − (cw(0) − σ(w(0))) � . In view of Lemmas A2 and A4,

(cw(t) − σ(w(t))) − (cw(0) − σ(w(0))) =

�_t 0 R(s)ẇ(s)ds in L^2,

where R(s) is the multiplication operator in L^2 associated with ρ(y) =

cy − σ^′(y), ρ ∈ C^1(R). Setting D(t) = � ξ η � = � 0 R(t)η � , t ∈ [0,T], � ξ η � ∈ H, we have as a consequence of the same lemmata that the fam-

ily {D(t)}_{t∈ [0,T]} of bounded operators in L(H) satisfies all assumptions of Lemma A5. Moreover, q satisfies

q(t) = q_0 + A_0

�_t 0 q(s)ds +

�_t 0 D(s)q(s)ds, t ∈ [0,T] in H, (3.11)

where q_0 = A_0z_0 + f (0); that is,

q_0 = A_0 � u_0 u_1 � + � 0 cu_1 − σ(u_1) � = � u_1 (u_0)_{xx} + cu_1 − σ(u_1) � . (3.12)

We claim that under the assumptions of Theorem 1.1 q_0 ∈ D(A_0). Indeed, u_1 ∈ H^2∩ H^1_0 and u_1 ∈ C^1. Then cu_1− σ(u_1) ∈ C^1 and cu_1(0)− σ(u_1(0)) = 0 since u_1(0) = 0 and σ(0) = 0, so cu_1 − σ(u_1) ∈ H^1_0 . Moreover, (u_0)_{xx} ∈ H^1 since u_0 ∈ H^3 and (u_0)_{xx} (0) = 0 from (1.6). Then (u_0)_{xx} + cu_1 − σ(u_1) ∈ H^1_0 . It remains to show that α((u_0)_{xx} (π) + cu_1(π) − σ(u_1(π))) + (u_1)_x(π) = 0.

But this is (1.7). Therefore q_0 ∈ D(A_0). From Lemma A5, it follows that q is the only solution r in C([0,T];H) with

�_t 0 r(s)ds ∈ D(A_0), t ∈ [0,T].

Moreover, since q_0 ∈ D(A_0), q ∈ C^1([0,T];H) and r ∈ C([0,T];D(A_0)), which completes the proof of Theorem 1.1.

Appendix A

Lemma A1. Let T > 0; then

W^{1,∞} ((0,T); L^2) ∩ L^∞ ((0,T); H^1) ⊂ C([0,T];C).

Pro of. First we observe that

W^{1,∞} ((0,T); L^2) ∩ L^∞ ((0,T); H^1) ⊂ B([0,T];H^1).

Now let u ∈ W^{1,∞} ((0,T); L^2)∩ L^∞ ((0,T); H^1); then there exists M > 0 and N ⊂ [0,T] with measure zero such that for t ∈ [0,T]\N, u(t) ∈ H^1, and ‖u‖_H 1 ≤ M. Let t̄ ∈ N since [0,T]\N is dense in [0,T]; hence, there exists a sequence {t_n } ∈ [0,T]/N such that t_n → t̄. Then u(t_n ) → u(t̄) in L^2. Since H^1 is a Hilbert space there is a subsequence {t_{nk} }^∞_{k=0} and z ∈ H^1 such that u(t_{nk} ) ⇀ z in H^1. Since H^1 is continuously embedded in L^2 then u(t_{nk} ) ⇀ z in L^2; hence, z = u(t̄) ∈ H^1. Moreover, ‖u(t̄)‖_H 1 ≤ lim_{k→ ∞} ‖u(t_{nk} )‖_H 1 ≤ M. Hence u ∈ B([0,T];H^1). Finally, we prove u ∈ C([0,T];C). Let t̄,t_n ∈ [0,T], n ∈ Z^+ be such that t_n → t̄ as n → ∞ . Then u(t_n ) → u(t̄) in L^2, and as before since ‖u(t_n )‖_H 1 ≤ M, n ≥ 1, for some M ≥ 0, there exists a subsequence {u(t_{nk} )} such that u(t_{nk} ) ⇀ u(t̄) in H^1. Since H^1 is compactly embedded in L^2 we have u(t_{nk} ) → u(t̄) in C. Moreover, for any subsequence of {t_n }_{n≥ 0} we can extract a subsequence u(t_{nk} ) → u(t̄) in C. So the whole sequence converges to u(t̄) in C, and u ∈ C([0,T];C). □

Lemma A2. Let 0 ≤ T_1 ≤ t_1 < t_2 ≤ T_1 ≤ T, r ∈ C^1([T_1,T_2];L^2) ∩ C([T_1,T_2];H^1) ⊆ C([T_1,T_2];C). Let ρ ∈ C(R) and let M(t) ∈ L(L^2), t ∈ [T_1,T_2] be the multiplication operator defined by

(M(t)η)(x) = ρ(r(t)(x))η(x), for a.e. x ∈ [0,π] and every t ∈ [T_1,T_2]. (A.1) Then the following holds:

(1) ‖M(t)‖_{L(L}2_) = max_{x∈ [0,π]} |ρ(r(t))(x)| ≤ C_1 where

C_1 := max_{t∈ [T1,T2]} max_{x∈ [0,π]}|ρ(r(t)(x)|. (A.2)

(2) For every r̄ ∈ C^1([T_1,T_2];L^2)∩ C([T_1,T_2];H^1), [T_1,T_2]∋ t → M(t)r̄(t) ∈ C([T_1,T_2];L^2) and ‖M(t)r̄(t)‖_L2 ≤ C_1 max_{s∈ [T1,T2]} ‖r̄(s)‖_L2 . Moreover, let r_n ∈ C^1([T_1,T_2];L^2) ∩ C([T_1,T_2];H^1),n = 1,2,... be such that lim ‖r_n − r‖_{C([T1,T2];C)} = 0. Let {M_n (t)}^∞_{n=1} be the corresponding multiplication operators; then lim_{n→ ∞} sup_{t∈ [T}

1,T_2]

‖M_n (t) − M(t)‖_{L(L}2_) = 0. (A.3)

Lemma A3. Given r ∈ C^1([T_1,T_2];L^2) ∩ C([T_1,T_2];H^1) there exists a sequence r_n ∈ C^1([T_1,T_2];C^1),n = 1,2,... such that

‖ṙ_n − ṙ‖_{C([T1,T2];L}2_) + ‖r_n − r‖_{C([T1,T2];H} 1_) → 0, n → ∞ . (A.4) Lemma A4. Under the assumptions of Lemma A2, let ρ, r, r̄, and M(t) be as in Lemma A2 with the additional assumption ρ∈ C^1(R). Let {P (t)}_{t∈ [T1,T2]} be the corresponding multiplication operators in L^2 associated with ρ^′ (i.e., P (t)η = ρ^′(r(t)η)). Then [T_1,T_2] ∋ t → ρ(r(t)) ∈ Lip((T_1,T_2); L^2), (A.5) ρ(r(t_2)) − ρ(r(t_1)) =

�_{t2}

t_1

P (s)ṙ(s)ds, T_1 ≤ t_1 < t_2 ≤ T_2, in L^2, (A.6) and ‖ρ(r(t_2)) − ρ(r(t_1))‖_L2 ≤ |t_2 − t_1| max_{s∈ [T1,T2]}‖P (s)‖‖ṙ‖_{C([T1,T2];L}2_). (A.7)

Moreover, [T_1,T_2] ∋ t → M(t)r̄(t) ∈ Lip((T_1,T_2); L^2) and there exists C_2 independent of T_1, T_2, and r̄ such that ‖M(t_2)r̄(t_2) − M(t_1)r̄(t_1)‖_L2 ≤ C_2(‖˙r̄‖_{C([T1,T2];L}2_) + ‖r̄‖_{C([T1,T2];H} 1_). (A.8)

Pro of. For the proof of Lemma A4, one approximates r and r̄ by sequence r_n and r̄_n as in A3. The estimates and formulas can be easily established for r_n and r̄_n . The result follows by letting n tend to ∞ . □ Lemma A5. Let (H,⟨, ⟩,‖·‖) be a Hilbert space and let L : D(L) ⊂ H → H be a linear, m-dissipative operator in H. (Then D(L) is automatic ally dense in H.) Let r_0 ∈ H and let T > 0. Suppose that {D(t)}_{t∈ [0,T]} is a family of bounded, linear operators in H such that for every 0 ≤ T_1 < T_2 ≤ T and every r ∈ C([T_1,T_2];H), [T_1,T_2] ∋ t → D(t)r(t) ∈ C([T_1,T_2];H) (A.9) and max_{t∈ [T1,T2]} ‖D(t)r(t)‖ ≤ M max_{t∈ [T1,T2]} ‖r(t)‖ for some M independent of T_1,T_2 ∈ [0,T]. Then

(1) there exists a unique r̄ ∈ C([0,T];H) such that for every t ≥ 0, �_t 0 r̄(s)ds ∈ D(L) and

r̄(t) = r_0 + L

�_t 0 r̄(s)ds +

�_t 0 D(s)r̄(s)ds. (A.10)

(2) Assume moreover r_0 ∈ D(L), and for every 0 ≤ T_1 < T_2 ≤ T, and for every r ∈ C^1([T_1,T_2];H) ∩ C([T_1,T_2];D(L)), [T_1,T_2] ∋ t → D(t)r(t) ∈ Lip((T_1,T_2); H) and ∃M^′ > 0 independent of T_1 and T_2 such that

‖D(t_1)r(t_1) − D(t_2)r(t_2)‖ ≤ M^′|t_1 − t_2|‖r‖_{[T1,T2]} (A.11) for every 0 ≤ T_1 ≤ t_1 < t_2 ≤ T_2 ≤ T, where

‖r‖_{[T1,T2]} := max_{t∈ [T1,T2]}‖ṙ(t)‖ + max_{t∈ [T1,T2]}‖(L − I)r(t)‖.

Then the function r̄ defined in (A.10) satisfies r̄ ∈ C^1([0,T];H) ∩ C([0,T];D(L)) and dr̄ dt (t) = Lr̄(t) + D(t)r̄(t), for every t ∈ [0,T], (A.12)

r̄(0) = r_0. (A.13)

Pro of. Lemma A5 follows from a standard application of the contraction principle in the space C([0,T];H) and C^1([T_1,T_2];H)∩ C([T_1,T_2];D(L)) and from Theorems 6.1, 8.1, and Corollary 7.3 of [2]. □

References

[1] S.C. Chikwendu and J. Kevorkian, A perturb ation method for hyperbolic equations with smal l nonline arities, SIAM J. Applied Mathematics, 22 (1972), 235–258.

[2] G. Da Prato and E. Sinestrari, Differ ential operators with non-dense domain, Ann.

Scuola Norm Sup. Pisa Cl. Sci., 2 (1987), 285–344. [3] A. Haraux, “Nonlinear Evolution Equations —Global Behavior of Solutions,” 89–90, LNM 841, Springer-V erlag, Berlin, 1981.

[4] M. Renardy and R.C. Rogers, “An Intro duction to Partial Differen tial Equations,” Text in Applied Math., 13, Springer-V erlag, New York, 1993.

[5] R.E. Showalter, “ Monotone Operators in Banac h Spaces and Nonlinear Partial Differential Equations,” Mathematical Surveys and Monographs, 49, American Mathematical Society, 1997.

[6] W.T. van Horssen, An asymptotic theory for a class of initial-b oundary value problems for weakly nonline ar wave equations with an application to a model of the galloping oscillations of overhead transmission lines, SIAM J. Applied Mathematics, 48 (1988), 1227–1243.

[7] H. Wang, A.R. Elcrat, and R.I. Egb ert, Modelling and boundary contr ol of conductor galloping, J. Sound and Vibration, 161 (1993), 301–315.