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Abstract —Extreme rainfall is one of focus research in extreme values study. Some probability distributions had been used to model extreme
rainfall. This research studies the extremity of Palembang's daily rainfall. The data set is 10 years ofdaily rainfall during January 2009-Desember
2018. It is only 10-year data due to the information from BMKG (Indonesian Bureau for meteorology, climatology, and Geophysics) that there is a
change in the normal rainfall in the last ten years. In this research we study the distribution of whole rainfall, rainfall at least 5 mm/day, and extreme
rainfall. Extreme rainfall data is obtained by POT (Peaks over threshold) of quantile 90 %. There are 181 rainfalls exceeding the threshold of 53
mm/day. The data distributions are fitted model by Exponential, Gamma, Weibull, and Gamma-Pareto. The data try to be judged as sub
exponential and hyper-exponential according to the estimator of parameter. As the result, Weibull distribution has good fit to the whole rainfall data
with MAPE 9.3% and P-value of Kolmogorov-Smimov test 0.1316. The distribution of whole data belong to sub exponential distribution since the
Weibul's shape parameter @ < 1. The rainfall data with values at least 5Smm/day were good estimated by Exponential, Gamma, Weibull, and
Gamma-Pareto according to MAPE. On the other hand, Kolmogorov-Smirnov test notes that these distributions are not appropriate with the
distribution of the data. Gamma and Gamma-Pareto distribution is very good to fit extreme rainfall in Palembang. The exreme rainfall has
skewness of Gamma-Pareto more than 16 and tend to be sub exponential according to Gamma distribution.

Index Terms— Extreme rainfall, Gamma, exponential, Weibull, gamma-pareto, sub exponential, Palembang

1INTRODUCTION

XTREME rainfall is one of focus research in extreme

values study. Some probability distribution had been used

to model extreme rainfall. Extreme rainfalls are rainfalls
which intensity more than its normal value. The rainfall may
be daily, ten-days, or monthly. According to BMKG[1], the
extreme daily rainfall is rainfall more than 100 mm in 24
hours. Some study noted that extreme values are which more
than a threshold. This method is known as Peaks over
threshold (POT) [2], [3]. Chavez-Demoulin et al. [4] used
thresholsaf 90% quantile of the data set.

Some probability distributions have been used to model the
extreme values; these are Pareto, Gamma and Weibull see
[5],[6],[7]. According to the tail of probability distributions,
compares to the tail of exponential distribution, they are
divided into two groups, i.e. hyper-exponential and sub-
exponential [8]. Papalexiou et al. [8], sub exponential is
distribution with CDF F(x) which fulfill (1)
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Meanwhile, according to Rezaul and Grout [9] heavy tail

distribution follows
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Sub-exponential or heavy tail or long tail distribution is
used to model extreme values. Gamma and Weibull with

shape parameter f >1 belong to hyper-exponential, while

—a, O0<w<2 (2)
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Pareto and Weibull with shape parameter < 1 belong to sub-
exponential distribution. Papalexiou et al. [8] note that
Weibull and Pareto better fit to extreme daily rainfall
distribution than Gamma does.

Gamma-Pareto (G-P) distribution is join distribl.?n
between Gamma and Pareto. Hanum et al. [10] notes that G-P
distribution has very good fit to some extreme rainfall data
distribution. It is better fitted to the data than Pareto and
Gamma distribution. G-P is not yet determined as hyper-
exponential or sub exponential distribution. Alzaatreh et
al.[11] note that the skewness of the distribution increased as
the shape parameter cincreased. The pdf of G-P is (3)
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With a,¢,6 > 0 and x > @. Parameter ¢ = /k, where p the
scale parameter of Gamma and k the shape parameter of
Pareto. In this research, we also study the properties of this
distribution in term of hyper and sub exponential.

Palembang city, as the capital of South Sumatra Province
Indonesia, is located in tropical country. It has many rainy
days each year. The question is what type of distribution that
better fits to the rainfall in Palembang. Which distribution
better fits to rainfall exceed than zero, and which distribution
better fits to the extreme rainfall.

2 DATA AND METHODS

The data used in the study are daily rainfall observed at Sultan
Mahmud Badaruddin Station from January 2009 to December
2018. They were downloaded from hiips.//www.ogimet.com.
There are 3258 observed days. The extreme rainfalls are
determined via POT of 90% quantile.

There are four distributions used to model the rainfall
distribution. They are Exponential (f) Gamma(a, ),
Weibull{a, [3), and Gamma-Pareto (0, i, ¢). The pdf and cdf of
Exponential, Gamma, and Weibull, respectively, are




Exponential(f) distribution :
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upper incomplete gamma function [ 12 ].
Weibull(a, ) distribution in [8]
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where the ¢ parameter a > 0 and scale parameter £ > 0.

We used Akaike's Information Criteria (AIC)[13] and Mean
Absolute Percentile Error (M_APEELL] as measurement of the

goodness of fit. We also test the goodness of fit of the
distribution with Kolmogorov-Smirnov test [15].

3 RESULTS AND DISCUSSION

The result in this paper begins with the study of the tail of G-P
to determine whetherit is a sub exponential or not. Modeling
daily rainfall for rainy days is the next discussion. It is
followed by modeling the extreme rainfalls.

3.1 The tail of Gamma-Pareto

Here we want to know if G-P distribution belongs to hyper-
exponential or sub exponential distribution. We use the
criteria (1) that certain distribution belongs to sub exponential
distribution if it follows (1). The CDF of G-P is

() = y(a,2)/T(@)

where z= ctlog(x/6) and y(a,z) = J'Uve‘zz(“‘”dz the lower
incomplete gamma function, with #,a,c,> 0 and x > #.Hence
the exceedence probability function (EPF) of G-P is (3)

F(x) = I'(@,2)/I(a) ().

The EPF of G-P similar with the EPF of Gamma, that is both of

them are in the form of upper incomplete gamma divided by
complete gamma function. The EPF of Gamma (a, £) is (4)

F(x) =T(a,x/B)/T(a) (5).
The limit form of the ratio of Gamma and exponential EPF in
[8]is 0 when ; < B and = when fi; > ;. If f; = B the limit

is (6)
0, 0<a <1
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Where f; and fr are respectively f for Gamma and
Exponential. Since the parameter G-P, c¢= B/k, then
z = (k/f)log(x/8). Therefore, the behavior of G-P in the limit

term, with respect to f, will be similar to the behavior of
Gamma, although z go to s=slower than x/B as x = oo,

3.2 Modeling whole rainfall data

Palembang had 1801 rainy daysout of 3285 observed days. It
means Palembang only had 181rainy days per year in average.
Furthermore, only 1222 days received rainfall at least 5
mm/day. So more than half - year Palembang has dry and
almost dry days. The whole data means the rainfall of 1801
rainy days. This data set contains 579 or 1/3 values in interval
0.1 - 4.9 mm/days.

TABLE 1
PARAMETERS ESTIMATION FOR WHOLE DATA
Distribution | Parameter | AIC MAPE | P-value
Exponential | 0.0488 14484 | 0.4443 | 7.416e-14
Gamma 0.7018 14314 | 0.1498 | 0.0148
0.0342
Weibull 0.7815 14271 | 0.09338 | 0.1316
17.6293
G-IP 0.1 14610 | 0.5838 | 4.264e-12
6.9542
0.6417

It is rather smaller compared with 1801 rainy days in 10
years. On the other hand, it has 50 values more than
100mm/day (the extreme rainfall according to BMKG)
including 3 highest values of 2285, 264, 429 mm/day. The
histogram of whole data will be very high at lower values and
very long tail at the right.

Table 1 contains parameter estimation of four distributions
and their goodness of fit. According to the value of AIC, the
order of best to worst estimator is Weibull, Gamma,
Exponential, and G-P. With MAPE less than 10 %, Weibull
with a< 1 has very good fit to the data [14]. While Gamma
with @ < 1 gives a good estimation with MAPE 10-20%.
Furthermore, the result of K-S test note that only Weibull
which is not significant at 5% significant level. It means that
this data set is only appropriate for Weibull [15]. Since a< 1
for Weibull, this data set belongs to sub exponential
distribution [8].
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Fig. 1.Quantile plot for whole data.
Fig. 1 shows the estimation of whole data by the four
distributions. Three distributionsunder estimate the extremes

values of rainfall. Weibull could be very good model the
distribution of whole data except for 3 highest values of daily




rainfall. On the other hand, G-P is the only distribution that
over estimate the rainfall. Hanum et al. [4] noted that G-P is
not good to estimate the data with a lot of ties at low values.
G-P distribution will underestimate the low values and over
estimate the rest. The large MAPE values of G-P mostly come
from the low values.

3.3 Estimation for rainfall at least 5 mm/day

This data set was analyzed to study the distribution of rainfall
without 1/3 part of the data which values less than 5 mm/day.
According to MAPE values, in Table 2, that fall in range 10- 20
%, all four distributions give good estimate for this data. Here
G-P best fit the data with smallest AIC and MAPE, and largest
K-S test P-value. Although MAPE values indicated that none
of the distributions is suitable for the data at 5 % significant
level. Only G-P is not significant at 1% level. Unfortunately, it
is not good enough for fitting datasince, for K-S test, the larger
p-value, the better fit.

TABLE 2
PARAMETERS ESTIMATION FOR WHOLE DATA

WITHOUT VALUES LESS THAN SMM/DAY

Distribution Parameter | AIC MAPE | P-value
Exponential 0.0342 10698.15 | 0.1935 | 1.584e-13
Gamma 1.4703 1060097 | 0.1818 | 1.034e-06
0.0502
Weibull 1.1439 10659.83 | 0.1929 | 1.364e-07
309434
G-P 5 10090.97 | 0.1438 | 0.01563
2.3001
0.6190
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Fig. 2. Quantile plot for rainfall at least Smmi/day.

There is an ambiguous of sub and hyper exponential
distribution of the data. According to values of B for
Exponential and Gamma, that is f; > fg, the distribution of
the data is sub exponential. On the other hand, Weibull with
a« >1, indicates the data set is hyper-exponential. Since
parameter ¢ for G-P is almost similar with that for whole data

and also with a =1, it might be said that the data are still sub
exponential.

In Fig. 2 can be seen that the behavior of quantile function
of four distributions is similar with their estimation for the
whole data. The different is the Exponential distribution
could give better estimate for the higher values except for 6
highest values. On the other hand, the quantile function of G-
P shows that the portion of the data being overestimate is
smaller than that of for whole data. It also can be seen that the
estimation of Gamma is closer to the estimation of Weibull
and both are not good estimation for higher values.

3.4. Model for Extreme Rainfall

This data set is rainfall which values exceed the 90 % quantile
of the data. The 90% quantile is 53 mm/day. This value is
closed to the threshold of heavy rain, that is 50 mm/day, used
by BMKG. There are 181 values which exceed the threshold
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Fig. 3. Histogram of extreme values and pdf of the distributions.

In Fig 3 the histogram of extreme data has the modal that
apart from the minimum value. The distribution of the data
has shorter tail than the distribution of the two previous
rainfall data. We can see that all three distributions have tail
thinner than the tail of exponential. It means they are hyper-
exponential. Since the data better fit to Gamma and G-P,
consequently, according to the tail, it could be noted that the
distribution of the extreme rainfall is not a heavy tail
distribution. In further look, the pdf of G-P become fatter then
tail or at least similar of Exponential rainfall more than 400
mm/day. So the conclusion might be different for G-P.

Fig. 4 shows how G-P estimates the extreme data. It is
underestimate the lower and the highest values and
overestimate the middle values. It could approach all values
include the tail of the distribution of extreme rainfall data.
Meanwhile, Gamma and Weibull estimation run away from
highest values.

This extreme data set is better fitted to Gamma and G-P.
Both have smaller AIC. With MAPE less than 10 %, as can be
seen in T 3, both distributions have very good estimate for
the data. G-P distribution very good fit the data with smallest
AIC, MAPE only 3.7 %, and P-value close to 1.




skewness more than 16.443.
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Fig. 4. Quantile plot for estimation of extreme rainfall

TABLE 3
PARAMETERS ESTIMATION FOR EXTREME DATA

Distribution | Parameter AIC MAPE | P-value
Exponential 0.0115 1981.48 | 0.4362 2.2e-16
Gamma 7.2141

0.0827 1760.16 | 0.0879 0.08297
Weibull 2.1411

98.2507 1829.67 | 0.1682 0.0001
G-P 53

1.2616 1637.84 | 0.0374 0.8918

0.3403
The G-P distribution with a =1.2616 and ¢ = 0.3403 has

It has truly right skew

distribution. The question is that it is skew enough to be a
heavy tail distribution. In Table 3 Gamma distribution, which
very good fit the data, has f; > S to indicate the data follows
the distribution of sub exponential. This conclusion is different
from the pdf plot, even though they both come from the
comparison of other distribution with Exponential

4 CONCLUSION

Based on the parameters of four tested distributions again
rainfall data in Palembang, we conclude that

1.
2.

3.

The behavior of the tail of G-I follows that of Gamma
Weibull distribution good fits whole rainfall data which
belong to sub exponential distribution.

The rainfall data with values at least 5mm/day are good
estimated by Exponential, Gamma, Weibull, and Gamma-
Pareto according to MAPE but they are not good enough
to model the data.

Gamma-Pareto distribution has very good fit to extreme
rainfall in Palembang,.

The extreme rainfall has skewness of Gamma-Pareto more
than 16 and tends to be sub exponential according to
Gamma distribution.
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