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Abstract 

This paper presents a study of cognitive structure of critical thinking in constructing a 
conic section for Indonesian students. Context of this research is using Piaget's theory of 
cognitive development when students docritical thinking. Revolutionary Piaget's theory 
of cognitive development of children has focused on the development of logic. When 
someone thinks logically, it means that he/she is in a higher-level. This kind of thinking is 
a high level of critical thinking. In order to get the schemata of students' critical thinking, 
the students are given open mathematical problems. The approach is a qualitative 
exploration of students’ performance in doing problem-solving. In order to see their 
thinking processes, it is used a think-load, which is expected to be an overview of the 
activity of students’ thinking. Furthermore, critical thinking is observed through as 
simulation and accommodation of Piaget's theory, so the cognitive structure of students' 
schemata can be illustrate. The results showed that there are three characteristics of 
critical thinking process, (1) The existence of a sub-structure perfection of thought that 
will be used in generalizing the solution, (2) an ability to reflect toward the problem fully, 
and(3) The existence of consciousness to explore solutions, although students do not 
have the ability to explore the possibility of another solution 
 
Keywords:  Piaget’ theory, Critical thinking, think-aloud, logical thinking 
 
 
INTRODUCTION  
Learning perspective currently incorporates three important assumptions as Anthony 
(1996) said:  
(1) Learning is a process of knowledge construction, not of knowledge recording or 

absorption;  
(2) Learning is knowledge-dependent; people use current knowledge to construct 

new knowledge; and 
(3) The learner is aware of the processes of cognition and can control and regulate 

them.  
 
Each child builds on the previous stage of cognitive development increasing the child's 
ability to solve more complex problems (Oxford, 1997: p. 189). The fundamental basis of 
learning was a discovery. Understanding is a discovering or a reconstructing by 
rediscovery, and such conditions must be compiled with if in the future individuals are 
to be formed who are capable of production, creativity and not simply repetition. 
There are some researchers who uncover cognitive structures associated with the 
construction of detailed knowledge about the mastery of new knowledge. Piaget 
portrayed the child as a lone scientist, creating his or her own sense of the world. Then 
individual will interpret and act accordingly to conceptual categories or schemas that 
are developed in interaction with the environment. The knowledge of relationships 
among ideas, objects, and events is constructed by the active processes of internal 
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assimilation, accommodation, and equilibration (Oxford, 1997, p. 39). Until children can 
construct a certain level of logic from the inside, they are non-conservers because they 
can judge on the basis of what they can see (Kamii & Ewing, 1996, p. 261). 
 
Some theories (such as that of Piaget, the SOLO Model, or more broadly, the enactive-
iconic-symbolic theory of Bruner, 1966) incorporate both aspects. Others such as Lakoff 
& Nunez (2000) and situated learning Lave & Wenger (1991) paint a broader brush-
strokes showed biological and social structures involved. It has been developed for 
different purposes. The SOLO Model, for example, is related to the performance 
assessment through learning outcomes were observed. Other theories such as Davis 
(1984), Dubinsky (Czarnocha et al., 1999), Sfard (1991), and Gray & Tall (1994) 
concerned with the order in which concepts are built by an individual. 
So in recent years, various theories have emerged to explain and predict cognitive 
development in mathematics education. Authors identified two types of theories of 
cognitive growth are: 
1)  Global theory of long-term growth of the individual, such as Piaget’s theory of 

stages (eg, Piaget & Garcia, 1983).  
2)  The growth of local theories like the theory of conceptual action-process-object-

schema  
 
Dubinsky (Czarnocha, Dubinsky, Prabhu, Vidakovic, 1999) or sequence-multi structural-
uni structural abstract-relational model extended SOLO (Structure of the observed 
learning results, Biggs & Collis, 1982, 1991; Pegg, 2003).  
Question. How doesthe cognitivestructureof studentsin a stateof critical thinking? 
 
THEORETICAL FRAMEWORKS 
Assimilation, accommodation and illustrations 
Learning is an adaptation which has assimilation and accommodation in Piaget's 
term. To reach an understanding of basic phenomena, children have to go through the 
stages which Piaget presented (Bybee & Sund, 1982, p. 36). In problems solving, 
students construct the structure of thinking through the processes of assimilation and 
accommodation. Working memory capacity (that is, the capacity to hold various pieces 
of information simultaneously and to use them for further processing) is a critical 
feature of several models of human cognition, and it is widely recognized that it affects 
performance on many tasks (Morra, Gobbo, Marini & Sheese, 2009, p. 20). It has also 
been claimed that individual differences in working memory capacity account well for 
difference in measures of fluid intelligence (Engle, Tuholski, Laughlin & Conway, 1999; 
Kyllonen, 2002). 
 
According to Fisher (1995, p. 57), thinking which is visualized and expressed can be 
observed and communicated. As stated by Gentner (1983) and Morrison, Doumas, & 
Richl (2010), balancing inhibitory control in working memory and relational 
representation can be illustrated the process of assimilation and accommodation 
fundamentally. And then author adopted from assimilation and accommodation of 
Subanji (2007). 
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Subanji (2007, p. 39) said that the substructure incompleteness in the process of 
assimilation is a process of direct interpretation of the problem with more complex 
structure using a simple thinking structure. This thinking process was preceded by the 
imperfect assimilation process. The assimilation took place in the process of problem 
solving, but the complex problem was interpreted to the simple problem. Therefore, it 
produced an inappropriate answer. 
In the process of problem solving (before the reflection), the students only conduct the 
assimilation process, but did not produce the appropriate structure to the structure of 
the problem. In this case, their thinking structure was still incomplete; nonetheless it 
had been used to interpret a complex problem structure. However, it produced an 
inappropriate answer (wrong). After receiving the answer, the students did not go 
through the reflection again.  
Furthermore, when the opportunity for reflection was given, the disequilibration took 
place again in the students’ thinking process, with the result that they continued to the 
assimilation and accommodation process. For the illustrations, see Figure 2. 
 

 

 

 

 

 

 

 

 

 

 

Figure1. Illustration of the process of assimilation and 
accommodation adopted from Subanji (2007, p.6) 
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Figure2. Structure of problem-solving adopted from Subanji (2007) 
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Encoding Process of Thinking 

Categorization is done to facilitate the interpretation of the data, simplifying analysis of 
the problems and the process of thinking of the object of research. It is related to the 
process of thinking including problems, relationships and strategies. As Gentner & 
Goldin-Meadow (2003, p. 6) shows the same view in cognitive linguistics that the 
coupling between language and cognition is strong enough to allow semantic structure 
to serve as an window on conceptual structure.  
 
Furthermore Forbus, Gentner, & Law (1995) habitual use of a given set of relational 
terms promotes uniform relational encoding; thereby the probability of transfer 
between relational situations is increasing. Then performed: when a given domain is 
encoded in terms of a stable set of relational terms, the likelihood of matching new 
examples with stored exemplars that share relational structure is increasing. Recoding 
involves a mental transformation of information into another code or format (Ashcroft, 
1994). 

Error Assimilation and Accommodation 
 
In solving the problem, if the formation of cognitive structures is not perfect in the sense 
of the word: a cognitive structure to the structure of the problem is not the same, and 
then integrated it will produce the wrong answer (Subanji, 2007, p. 49). There is an 
example problem from Frederick (Kahneman, 2002, p.451): "The price of baseball bat 
and ball is $12. Bat costs $ 10 more expensive than the ball. What is the price of the 
ball?”Many students answered $2. Possibility of thought processes occurring 
imperfections assimilation. Kahneman problem structure can be described in Figures 3a 
and 3b. 
 
 
 
 
 

 
Figure 3a. Suitability: structural problems with the structure of thinking 

 
 

 

 

 

 
Figure 3b. Mismatches: structural problems with the structure of thinking 

 

From the above illustration, it seems that there is no correspondence between the structures of 

a problem with the structure of student thinking. However, the assimilation process is already 

under way obtaining answers $2. Frederick’s real problem is a simple matter, even been able 

to use that mindset quickly without any control (reflection) then the answer to be incorrect.  

Examples of accommodations mistake on elementary school students: Today is Sunday. What 

day is it 2011 days later? 

Basically, elementary school students are familiar with addition, multiplication, subtraction 
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and division. However, when they are faced with the problems mentioned above in the 

absence of changes in cognitive structure namely linking multiple weekly with multiples 7, it 

will result in a wrong answer. Note Figure 4a. 
 

 

 

 

 

 

  

 

Figure 4a.Right mindset accommodation 

 
On the contrary, when students firstly linked between weekly and multiples of 7, as well 
as more associated with the addition or day trip, there will be the right answer. The 
solution like that: 1 round = 1 week = 7 days, so the multiples will fall on the same day 
Sunday. 2011:7 = 287 remainder 2 or 2011 = 287 × 7 + 2, or 287x7 = Sunday. There is an 
excess of 2 days, so the answer is Tuesday. Figure 4b illustrated the problem solving. 

 

 
 
 
 
 

Figur 4b. illustration of problem solving 

Critical thinking  
Thinking can be divided into four categories, including recall thinking, basic thinking, 
critical thinking, and creative thinking(Krulik, Rudnick, & Milou, 2003, p. 89). Krulik et al. 
(2003) said that critical and creative thinking are higher-order thinking, and basic, 
critical, and creative thinking are reasoning. Figure 5 presents the hierarchy of thinking 
from Krulik, at.al (2003). 
 

 
 

Figure 5. Hierarchy of thinking 
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What is critical thinking? 
In Department ofEnglandEducation (2010, p.5) define : (1) Critical thinking is applying 
well-known criteria to a problem, turning the handle and producing an answer, (2) 
Critical thinking is when you set out to find faults, (3) Critical thinking is when you 
balance everything in question to reach a judgement, (4) Critical thinking is when you 
examine the ‘item’ in question to find its good and bad points.  
 
EnnisR H. (2011) Critical thinking is reasonable and reflective thinking focused on 
deciding what to believe or do. If you feel like you are doing one activity, then switching 
to another, and you don’t know how to pull it together in the end, it may be that the 
lesson is not aligned. Look back to the objectives and make sure all activities support 
these objectives and build in critical thinking and challenges (Van de Walle J. A. 2010, 
P.62)  
 
Halpem (1999) Critical thinking refers to the use of cognitive skills or strategies that 
increase the probability of a desirable outcome. Critical thinking is purposeful, reasoned, 
and goal-directed. It is the kind of thinking involved in solving problems, formulating 
inferences, calculating likelihoods, and making decisions. Critical thinkers use these 
skills appropriately, without prompting, and usually with conscious intent, in a variety 
of settings. That is, they are predisposed to think critically. When we think critically, we 
are evaluating the outcomes of our thought processes-how good a decision is or how 
well a problem is solved. (p. 70). 
 
Dumke (1980), “instruction in critical thinking is to be designed to achieve an 
understanding of the relationship of language to logic, which should lead to the ability to 
analyze, criticize, and advocate ideas, to reason inductively and deductively and to reach 
factual or judgmental conclusions based on sound inferences drawn from unambiguous 
statements of knowledge or belief” (p. 3). While this instructional goal is problem 
solving straightforward, implementing instructional strategies that achieve these ends is 
a daunting task. 
 

METHOD 

Participants 

A qualitative design was chosen for this study in order to investigate the intricate 
thinking process (Bogdan & Biklen, 1992). To see it, the data were gathered by the think 
aloud method (van Someren, Barnard & Sandberg, 1994) which was conducted by 
asking the research subjects to solve problems and to tell how their thinking process is 
at the same time. Think aloud was developed by the cognitive psychologists aiming to 
investigate how someone solves a problem.Using this method, the solver’s cognitive 
process related to the problems can be recorded and analysed. The research subjects 
were 2 students who were in Mathematics Education academic year 2012/2013. They 
had not studied a conic section equation, but could express their thought process when 
they solve the problems. 
 
Questionnaire 
To investigate the critical thinking of students, researchers gave questionnaires, which 
can open students explore the characteristics of critical thinking to solve problems with 
a central question: "Finding the set of points where the ratio of fixed distance to one of 
the lines, the lines are perpendicular to each other, and to the point that lies on the other 
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line! " 
For the complete information about the thinking process of students, investigator 
conducted interviews to student during students working for the task and after that. In 
accordance with the opinion of Guba & Lincoln (1994) the received view of science 
pictures the Inquirer as standing behind a one- way mirror, viewing natural phenomena 
as they happen and recording them objectively. The researchers called the students one 
by one to work construction tasks of conic section equation. We exploring several 
students, until finding at least two students, who were able to answer perfectly, and 
explained their thought processes when solving problems. 

RESULTS AND DISCUSSION 

After exploring 8 students, we found 2 students, named Subject 3 (S3), and Subject 8 
(S8), who were able to answer perfectly. We interviewed them to know their mindset 
such as ‘what is his way of thought to solve problems’. As for the answer as follows: S 3 
and S8 used the comparison distance between two points, for solving the problem. So it 
does not produce a conic section equation. They has been constructed of conic section 
equations with various positions, namely: 
 

(1)  The comparison same distance between the PF and PD (e=1) will be obtained 
equation type one,as shown in Figure 6a. 

(2)  The comparison: distance PF < distance PD (e <1, taken e = 
1

2
) will be obtained 

equations type two, as shown in Figure 6b. 
(3)  The comparison: distance PF >distance PF (e>1, taken e = 2) will be obtained 

equation type three, as shown in Figure 6c. 
  
 
 
 
 
 
 
 
 
 
 
Results ofcalculationofS2andS8 

Figure 6a 
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Figure 6b 
If V(-1, 0) and F(0, 0), so d≡ 𝑥 = −3 If V(a, 0) and F(2a, 0), so d≡ 𝑥 = −𝑎 

  
Figure 6c 

If V(-2, 0) and F(0, 0), so d≡ 𝑥 = −3 If V(-2, 0) and F(0, 0), so d≡ 𝑥 = −3 

  

 

For the structure of critical thinking when building a conic section equation is shown in Figure 7. 

 
 

 

 

 

 

 

 

 

 

 

Problem solving means answering a question for which one does not directly have an 
answer available. This can be because the answer cannot be directly retrieved from 
memory but must be constructed from information that is available in memory or that 
can be obtained from the environment. Another possibility is that finding the answer 
involves exploring possible answers none of which is immediately recognized as the 
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Figure7.Structureof critical thinking when constructing the conic section 
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solution to a problem. Problem solving then means that new information must be 
inferred from givens and knowledge in memory to accept or reject possible answers. 
Most of the problem solving involves a combination of these two types of reasoning: 
constructing solutions and constructing justifications of these solutions (van Someren , 
et. al, 1994). 
In the process ofproblem solving, S3, andS8 isa processof assimilation, 
andaccommodation, resulting in astructurethat corresponds tothe structure ofthe 
problem. In this case, the structure ofhis thoughtis complete; usedtointerpretthe 
structure ofa complex problem. Cognitivestructure ofcritical thinkingcan be seenin 
Figure8. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

Legends 

 = Statement  = Question 
 

 

CONCLUSIONS 

From the results, it can be concludedthat theprocess 
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ofthe existence ofa complex problem. The results showedthatthere are 
threecharacteristics ofthe process ofcritical thinkingtoconstruct aconic section:  

(1) The existence ofa sub-structure perfectionof thoughtthatwillbe usedingeneralizingthe 
solution,  

(2) The existence ofconsciousnessto explorethe possibility ofanothersolution, as 

foundbySubanji (2007)andSupratman (2013) 
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