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ε

γ
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x = 0

§�¯�²�§^¬�¬2§b¹7¼P©[²õ¬2®�§
¸�¶�³��¯P·`º�µ�§�¸2¸Eº�²P§b¸�¼P¶�®`¬�¸�´G¸�¬�©[µá§^¬

x = 1
L

B ¬d�¸d§�¸2¸�«�µ�©"².¬�¼�§`¬
ρ
æf¬2¼P©<µ�§�¸2¸�º�²G©[¯�¸�í¬E´�®�×�¬2¼P©<¸�¬�³2�¯P·Uéy°

T
æf¬2¼P©I¬2©)¯�¸��®b¯��¯�¬2¼P©<¸E¬2³��¯P·Uéy°

m̃
æf¬�¼�©

µ�§�¸2¸h�¯�¬�¼P©>¸�¶P³2�¯�·`º�µ�§b¸�¸�º�²P§�¸�¼P¶�®`¬5¸�´G¸E¬2©)µXéy°
γ̃
æf¬2¼P©>¸�¬��Û�¯�©[¸2¸d®`×6¬2¼P©>¸�¶P³��¯P·Uéy°�§�¯�²

ε̃
æf¬2¼P©>²P§�µ�¶P�¯�·

¹�®U©)ö�¹)�©[¯�¬<®`×Q¬�¼P©!²�§�¸�¼P¶�®�¬>¦I�¬�¼
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ũ(x, t̃)
®`×6¬2¼P©>¸�¬�³2�¯P·�°b¦I¼�©)³2©

x
�¸h¬�¼�©>¶P»�§�¹)©<§`»�®�¯P· ¬2¼P©K¸�¬�³2�¯�·�°

§`¯�²
t̃
�¸,¬2�µ�© L65 ³2§z¨U�¬E´X§`¯�²�®`¬2¼P©)³I©)ØU¬�©)³2¯�§�»6×�®�³7¹�©[¸�§�³�© ¯P©[·�»�©[¹y¬2©[² L

; ×f¬2©)³r§�¶P¶P»�´U�¯P·�§�¸��µ�¶P»�©I³2©[¸2¹)§`»��¯P· �¯�¬��µ�©<§`¯�²��¯�²G�¸�¶P»�§�¹)©)µ�©)¯�¬>æ
t̃ =

√

T
ρ t, ũ(x, t̃) = u(x, t);

¶P«G¬�¬��¯P·
m̃ = ρ.m

°
γ̃ = γ.T,

§`¯�²
ε̃ =

√
Tρε

ér¦V©®�±G¬7§`�¯�§b¸V§�¸��µ�¶P»�©Kµ�®G²G©)»�×�®b³V¬2¼P©®b¸2¹��»�»�§^¬2�®b¯�¸
®`×�¬�¼P©!¸�¬�³2�¯P·�¬�¼P© ×�®b»�»�®^¦I�¯�·��¯P�¬��§`»�ºj±�®�«�¯�²P§`³2´�¨^§`»�«P©�¶P³2®�±P»�©)µ

utt − uxx = 0, 0 < x < 1, t > 0,
æ Í L Í é

u(0, t) = 0, t ≥ 0,
æ Í L È�é

mutt(1, t) + γu(1, t) + ux(1, t) = −εut(1, t), t ≥ 0,
æ Í L Åbé

u(x, 0) = φ(x), 0 < x < 1,
æ Í L Ê�é

ut(x, 0) = ψ(x), 0 < x < 1,
æ Í L Æ�é
¦I¼P©[³�©

m
§�¯�²

γ
§�³�©�¶�®b¸�í¬2�¨b©I¹�®�¯�¸E¬7§`¯�¬2¸[°�§`¯�².¦I¼�©)³2©

ε
�¸d§�¸�µ�§`»�»G¶�§`³7§`µ�©)¬�©)³Q¦I�¬�¼
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ε
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ε = 0
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§`»�»
t ≥ 0
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§`¶�¶P³�®zØG�µ�§^¬��®�¯�¦I�»�»(±�©!¶P³2®^¨�©"²��¯@¸�©[¹y¬2�®b¯�ë�®�¯�§�¬��µ�©�º�¸�¹[§`»�©�®`×h®�³7²G©)³

ε−1.
ê �¯�§`»�»�´4�¯õ¸�©[¹�¬��®�¯:9

¸�®�µ�© ³�©[µ�§�³�ÜG¸,¦I�»�»9±�©�µ�§�²G©!§�¯�²�¸�®�µ�©�¹�®b¯�¹�»�«�¸��®b¯�¸,¦I�»�»0±�©!²G³7§z¦I¯ L
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ε = 0
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æ Í L Í é
º>æ Í L ÆbéV¦Ií¬2¼

ε = 0,
¬�¼�§`¬<�¸[°

utt − uxx = 0, 0 < x < 1, t > 0,
æjÈ L Í é

u(0, t) = 0, t ≥ 0,
æjÈ L È�é

mutt(1, t) + γu(1, t) + ux(1, t) = 0, t ≥ 0,
æjÈ L Åbé

u(x, 0) = φ(x), 0 < x < 1,
æjÈ L Ê�é

ut(x, 0) = ψ(x), 0 < x < 1.
æjÈ L Æ�é
N ¼P©X¸�®�»�«G¬��®�¯â®`×V¬�¼P�¸�¶P³2®�±�»�©[µ'¦I�»�»d¶�»�§z´$§�¯å�µ�¶�®b³�¬7§`¯�¬�³�®b»�©��¯ä¸�©"¹y¬��®�¯äÆ L�A ©�¯P®^¦ »�®U®�Ü@×�®�³!§
¯P®b¯b¬2³��¨U�§�»d¸�®b»�«P¬��®�¯â®`×,¬�¼P©!P :>T æjÈ L Í é §`¯�²$¬2¼P©XÇ<Ë,¸Xæ�È L ÈbéKº.æ�È L Å�éK�¯Þ¬2¼P©�×�®�³2µ

X(x)T (t)
L ÇV´

¸�«P±�¸�¬��¬�«G¬2�¯P·�¬2¼P�¸�×�®�³2µ �¯b¬2®�æ�È L Í éVº>æjÈ L ÅbéV¦,©®b±G¬2§��¯�§�±�®�«P¯�²�§`³2´X¨^§`»�«P© ¶P³�®b±P»�©)µ%×�®b³
X(x) :

−X ′′(x) = λX(x),
æ�È L ëbé

X(0) = 0,
æ�È L 9`é

X ′(1) = (mλ− γ)X(1),
æjÈ L ßbé
§`¯�²X¬2¼P© ×�®�»�»�®^¦I�¯P·�¶P³2®�±P»�©)µ ×�®�³

T (t) :

−T ′′(t) = λT (t).
æ�È L ãbé
ê �³7¸�¬�¦V©4¸�¼�®^¦3¬2¼�§^¬.¬�¼P©�©)�·�©)¯U¨^§`»�«P©"¸

λ
®`×�¬�¼P©�©)�·�©[¯�¨^§�»�«P©)ºj¶�³�®b±P»�©[µ æjÈ L ëbéº�æ�È L ß�é�§`³2©X³2©[§`»V§`¯�²

¶�®b¸�í¬2�¨b© LQ; ¸��µ��»�§�³r¶P³2®U®`×6×�®�³V¶P³�®b±P»�©)µ�¸d¦I�¬�¼�¹)»�§b¸�¸��¹)§`»�±�®b«P¯�²P§�³�´�¹�®b¯�²G�¬��®�¯�¸Kæ}¸�«�¹7¼�§�¸ : �³2�¹7¼P»�©�¬"°
J ©[«Pµ�§`¯P¯(°�®b³ = ®b±P�¯�¹�®�¯�²Gí¬2�®b¯�¸7éd¹)§�¯�±�©>×�®�«P¯�²X�¯

[7]
L Ì0©)¬

λ
±�©§`¯�©[�·b©)¯U¨^§`»�«P©>§`¯�²

X(x)
§!¹)®�³�º

³2©[¸�¶�®b¯�²G�¯P·�©)�·�©[¯G×�«P¯�¹�¬��®�¯�¸�§`¬��¸E×�´U�¯P· −X ′′(x) = λX(x).
N §`ÜU�¯P·¬�¼P©>¹)®�µ�¶P»�©�Ø�¹�®�¯`ÚE«P·b§`¬�©I®`×6¬2¼P�¸

©[ª�«�§`¬��®�¯X¦,©>®b±G¬2§��¯ −X̄ ′′(x) = λ̄X̄(x).
S ®�°

X(x)
§�¯�²

X̄(x)
§`³2©>©)�·�©[¯G×�«P¯�¹�¬��®�¯�¸,¹�®b³�³2©[¸�¶�®�¯�²G�¯P·

¬�®�¬2¼P©�©)�·�©[¯�¨^§�»�«P©"¸
λ
§`¯�²

λ̄
³2©[¸�¶�©[¹y¬2�¨b©)»�´ LhJ ®^¦�¹�®b¯�¸��²G©[³
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∫ 1

0

(−X ′′(x)X̄(x) +X(x)X̄ ′′(x))dx = [−X ′(x)X̄(x) +X(x)X̄ ′(x)]

∣

∣

∣

∣

1

x=0

= −m(λ− λ̄)X(1)X̄(1),

æ�È L Í Ébé

§`¯�²

∫ 1

0

(−X ′′(x)X̄(x) +X(x)X̄ ′′(x))dx =

∫ 1

0

(λX(x)X̄(x) − λ̄X(x)X̄(x))dx = (λ− λ̄)

∫ 1

0

X(x)X̄(x)dx.

æ�È L ÍbÍ é

S «P±P¬�³7§�¹y¬2�¯�·õæjÈ L Í É�éd×�³2®�µ
æ�È L Í�Í éV´��©)»�²P¸

(λ − λ̄)

∫ 1

0

[

1 +mδ(x− 1)

]

X(x)X̄(x)dx = 0,
æ�È L Í Èbé

¦I¼P©[³�©
δ(x − 1) = 0

×�®�³
x 6= 1

§`¯�² ∫ 1

0 δ(x − 1)dx = 1
LVS �¯�¹�© ¬2¼P©!�¯�¬�©)·b³2§�»6�¯äæ�È L Í È�é,�¸I¶�®b¸�í¬2�¨b©

�¬I×�®�»�»�®^¦<¸V¬�¼�§^¬
λ− λ̄ = 0.

; ¯�²õ¸�®�°
λ
�¸�³2©[§�» LhN ®�¶P³�®^¨b©>¬2¼�§^¬

λ
�¸I¶�®b¸��¬��¨�© ¦V©�¹)®�¯�¸��²P©)³

∫ 1

0

−X ′′(x)X(x)dx = −X(x)X ′(x)

∣

∣

∣

∣

1

x=0

+

∫ 1

0

(X ′)2(x)dx

= −(mλ− γ)X2(1) +

∫ 1

0

(X ′)2(x)dx,
æ�È L Í Åbé

§`¯�²
∫ 1

0

−X ′′(x)X(x)dx = λ

∫ 1

0

X2(x)dx.
æ�È L Í Ê�é

S «P±P¬�³7§�¹y¬2�¯�·õæjÈ L Í Å�éd×�³2®�µ
æ�È L Í ÊUéV´��©)»�²P¸

λ

∫ 1

0

[

1 +mδ(x− 1)

]

X2(x)dx = γX2(1) +

∫ 1

0

(X ′)2(x)dx.
æ�È L Í Æ�é

S �¯�¹�©
X(x)

�¸r§�¯X©)�·�©[¯G×�«P¯�¹�¬��®�¯X�¬V×�®b»�»�®^¦<¸h¬2¼�§^¬V¬�¼P©K�¯�¬2©)·�³7§`»��¯X¬�¼P©»�©)×f¬�º�¼�§`¯�²X¸��²G©K®`×ræ�È L Í Æ�éh§�¯�²
¬�¼�§^¬¬�¼P©�³��·�¼�¬�ºj¼�§�¯�²@¸��²P©�®`×æ�È L Í Æbé<§�³�©.±�®�¬�¼$¶�®b¸��¬��¨�©�°0§�¯�²@¸�®

λ > 0.
B ¯â§�¹�®bµ�¶P»�©)¬�©[»�´@¸��µ��»�§�³

¦�§z´�¦,© ¹)§`¯4²G©[²P«�¹�©K¬�¼�§`¬Ií×
λ1
§`¯�²

λ2
§�³�©>¬E¦V®.©)�·�©[¯�¨^§�»�«P©"¸r¦I�¬�¼õ¹�®b³�³2©[¸�¶�®�¯�²G�¯P·!©[�·b©)¯G×�«�¯�¹y¬2�®b¯�¸

X1(x)
§�¯�²

X2(x)
³�©[¸�¶�©[¹y¬2�¨b©)»�´�¬�¼P©[¯

(λ1 − λ2)

∫ 1

0

[1 +mδ(x− 1)]X1(x)X2(x)dx = 0.
æ�È L Í ë�é

S ®�°�¬E¦,®�²PíÛ6©)³2©)¯�¬ ©)�·�©)¯P×�«P¯�¹y¬2�®b¯�¸K±�©[»�®b¯P·��¯P·X¬2®�¬E¦,®�²PíÛ6©)³2©)¯�¬ ©)�·�©)¯U¨^§`»�«P©"¸>§`³2©�®b³�¬2¼P®�·b®�¯�§�»(¦I�¬�¼
³2©[¸�¶�©"¹y¬�¬�®��¯P¯P©[³I¶P³�®G²G«�¹y¬<§�¸I²G©)î�¯P©"²�±U´

< W1(x),W2(x) >=

∫ 1

0

[

1 +mδ(x− 1)

]

W1(x)W2(x)dx.
æ�È L Í 9`é
N ¼P© ±�®�«P¯�²�§`³2´X¨^§`»�«P©�¶P³2®�±P»�©)µ'æjÈ L ëbérº>æ�È L ß�éV×�®�³

X(x)
¹)§�¯�¯�®^¦ ³2©[§�²P�»�´�±�©!¸�®�»�¨�©"²9°G´U�©[»�²P�¯P·

X(x) = A sin(
√
λx),

æ�È L Í ßbé
¦I¼P©[³�©

A
�¸I§�¹)®�¯�¸�¬2§�¯�¬I§�¯�²4¦I¼P©)³2© √

λ
¼�§�¸,¬2®�¸�§`¬��¸E×�´

cot(
√
λ) =

mλ− γ√
λ

.
æ�È L Í ãbé

B ¬�¹)§�¯Þ±�©�¸�¼P®^¦I¯å¬�¼�§`¬�æ�È L Í ãbéK¼�§b¸��¯Pî�¯P�¬�©)»�´âµ�§�¯U´�°(�¸�®�»�§^¬�©"²â¶�®�¸��¬��¨�©�³2®�®�¬2¸ LXA ©�²G©)¯�®`¬�©�¬2¼P©[¸�©
³2®�®�¬2¸�±�´

λn,
§�¯�²Þ�¬.�¸.¹)»�©"§`³!¬2¼�§^¬

(n − 1)π <
√
λn < nπ

°
n = 1, 2, 3, · · · LâN ¼P©�²G�Û6©)³2©)¯�¬��§`»
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©[ª�«�§`¬��®�¯çæjÈ L ãbé�×�®b³

T (t)
¹)§�¯@¯P®^¦M§`»�¸�®�±�©�¸�®b»�¨b©[² L>ê �¯�§`»�»�´�¦,©!î�¯�²@§�¸K§X¯P®b¯b¬2³��¨U�§�»(¸�®�»�«G¬��®�¯�×�®b³

¬�¼�©<P :>T æjÈ L Í é,§`¯�²�¬2¼P©�Ç<Ë,¸!æ�È L Èbédº>æjÈ L Åbé,¦I�¬�¼
ε = 0

un(x, t) =

(

An cos(
√

λnt) +Bn sin(
√

λnt)

)

sin(
√

λnx),

¦I¼P©[³�©
λn
¸2§^¬2�¸�î�©"¸.æjÈ L Í ãbé�°9§`¯�²$¦I¼P©)³2©

An
§`¯�²

Bn
§`³2©�§`³2±P�¬�³7§`³2´4¹)®�¯�¸�¬2§�¯b¬7¸ LTS ¸��¯P·�¬2¼P©�¸�«P¶�©)³�º

¶�®b¸�í¬2�®b¯�¶P³2�¯�¹��¶P»�©�¦V©î�¯�²õ§b¸�·�©)¯�©)³7§`»9¸�®b»�«P¬��®�¯4®`×(¬2¼P©<P :KT §`¯�²õÇ<Ë,¸
u(x, t) =

∞
∑

n=1

(

An cos(
√

λnt) +Bn sin(
√

λnt)

)

sin(
√

λnx).
æ�È L È�Ébé

S ¸��¯P·â¬�¼P©��¯P�¬��§`»I¨^§`»�«P©[¸�æjÈ L Ê�é�º�æ�È L Æbé�§`¯�²¾¬�¼�©4�¯P¯P©[³X¶P³2®G²G«�¹y¬@æjÈ L Í 9`é�¦,©õ¹[§`¯ ²G©�¬2©)³2µ��¯P©õ¬2¼P©
¹�®U©)ö�¹)�©[¯�¬2¸

An
§`¯�²

Bn
�¯4¬�¼P©�·b©)¯P©[³2§�»9¸�®b»�«G¬2�®b¯0°G´U�©[»�²P�¯P·

An =

∫ 1

0
[1 +mδ(x − 1)]φ(x) sin(

√
λnx)dx

∫ 1

0
[1 +mδ(x− 1)] sin2(

√
λnx)dx

,
æ�È L È Í é

§`¯�²

Bn =
1√
λn

∫ 1

0
[1 +mδ(x− 1)]ψ(x) sin(

√
λnx)dx

∫ 1

0 [1 +mδ(x− 1)] sin2(
√
λnx)dx

.
æ�È L ÈbÈ�é

Å LT;<=(òåòPÏ(òPÑ�ñ"UèÒ�VõÐ+=0òXW�Ð9Ñ9ÖfÏ(ñ
B ¯ ¬�¼P�¸�¸�©[¹�¬��®�¯ ¦,©�¦I�»�»K²G©)¬�©[³�µ��¯P©�¬�¼�©�©)¯P©[³�·b´¾®`×¬�¼�©$¸E¬2³��¯P·ç§�¯�² ¦V©@¦I�»�»>¸�¼�®^¦á¬2¼�§^¬X¬2¼P©

¸�®�»�«G¬��®�¯
u(x, t)

®�×¶P³2®�±�»�©[µ æ Í L Í é!º�æ Í L Æ�é.�¸�±�®b«P¯�²G©"² �×>¬2¼P©��¯Pí¬2�§�»<©)¯�©)³2·�´ä�¸�±�®b«P¯�²G©"² L ÇV´
µ�«�»í¬2�¶P»�´U�¯�·õ¬�¼P©LP :KT æ Í L Í éK¦Ií¬2¼

ut(x, t)
§`¯�²$±U´$�¯�¬�©[·�³7§^¬��¯P·�¬�¼P©X¸�®`º�®�±P¬2§`�¯P©"²$©"ªb«�§^¬��®�¯â¦I�¬�¼

³2©[¸�¶�©"¹y¬�¬�®
x
×�³2®�µ

0
¬�®

1
¦,© ®�±G¬7§`�¯

∂

∂t

∫ 1

0

(

1

2
u2

t (x, t) +
1

2
u2

x(x, t)

)

dx = ut(x, t)ux(x, t)

∣

∣

∣

∣

1

x=0

= −mut(1, t)utt(1, t) − γut(1, t)u(1, t) − εu2
t (1, t)

= − ∂

∂t

(

1

2
mu2

t (1, t) +
1

2
γu2(1, t)

)

− εu2
t (1, t).

Ç,´��¯�¬�©)·b³2§`¬��¯P·.¬�¼P�¸<©"ªb«�§^¬��®�¯4¦I�¬�¼�³2©[¸�¶�©"¹y¬I¬�®
t
×�³2®�µ

0
¬2®
t
¦,©�®�±G¬7§`�¯�¬2¼P©!©[¯P©)³2·�´

E(t)
®`×5¬�¼�©

¸�¬�³2�¯P·

E(t) =

∫ 1

0

(

1

2
u2

t (x, t) +
1

2
u2

x(x, t)

)

dx+
1

2
mu2

t (1, t) +
1

2
γu2(1, t)

= E(0) − ε

∫ t

0

u2
s(1, s)ds ≤ E(0).

æ�Å L Í é

B ¬!¸�¼�®�«P»�²@±�©�®�±�¸�©)³2¨�©"²�¬�¼�§^¬¬�¼P©�©[¯P©)³2·�´�¹�®b¯�¸��¸�¬2¸®`×V¬�¼P©�ÜU�¯P©�¬2�¹�§`¯�²�¬�¼�©�¶�®`¬2©)¯�¬��§`»h©[¯P©)³2·��©[¸K®`×
¬�¼�©!¸E¬2³��¯P·�§`¯�²�¬�¼�©�µ�§b¸�¸ L Ç,´X«�¸��¯P·�¬2¼P©.Ë,§`«�¹7¼�´�º S ¹7¼U¦,§�³�¬Y7<�¯P©[ª�«�§�»��¬E´X�¬<¯P®^¦è×�®b»�»�®^¦<¸V¬�¼�§`¬

|u(x, t)| =

∣

∣

∣

∣

∫ x

0

us(s, t)ds

∣

∣

∣

∣

≤

√

∫ 1

0

u2
s(s, t)ds ≤

√

2E(t) ≤
√

2E(0).
æ}Å L È�é

; ¯�²4¸�®�°
u(x, t)

�¸I±�®b«P¯�²G©"²��×Q¬�¼P©��¯P�¬��§`»9©[¯P©)³2·�´X�¸�±�®�«P¯�²P©[² L

Ê L<Z òFDJD!K<@�Ò[W)ò�Ó(Ï0ò\W�W�Ò*VõÐ�=(ò�@PÑ6Ò*CND�òF?]O�Ö�Ð+=BC�Ò�Ô0Ï0Ó�>�Ñ0U Ó�>*?^@PÖfÏ(ñ
B ¯�¬2¼P�¸¸�©[¹y¬2�®b¯�¦V©.¦I�»�»Q¸�¼P®^¦�¬2¼�§^¬K¬�¼P©��¯�í¬2�§�»(º,±�®b«P¯�²P§�³�´4¨^§`»�«P©�¶P³2®�±�»�©[µ æ Í L Í é,º�æ Í L ÆbéI¦I�¬�¼

0 < ε � 1
�¸I¦V©[»�»�º�¶�®�¸�©"²�×�®b³>§`»�»

t > 0.
N ®X¸�¼P®^¦ ¬2¼P©!¦,©)»�»9ºr¶�®b¸�©[²G¯�©[¸2¸I¦V©�¦I�»�»(«�¸�©!§�¸�©[µ��·b³�®b«P¶

§`¶�¶P³�®�§�¹7¼ L
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ËV®�¯�¸��²G©)³,¬2¼P© ×�®�»�»�®^¦I�¯P·��¯�í¬2�§�»0¨^§`»�«P©�¶P³2®�±P»�©)µ

dy(t)

dt
= Ay(t), t > 0,

æ}Ê L Í é

y(0) = yo.
æ�Ê L Èbé
ê ®b³�µ�§�»�»�´�°

y(•) = T (•)yo
¸�®�»�¨�©"¸<¬2¼P©.�¯P�¬��§`»Q¨^§`»�«P©�¶P³�®b±P»�©)µï¦I¼P©)³2©

A
�¸<¬2¼P©�·�©[¯P©)³7§^¬2®�³<®�×

T (t)
L

N ¼U«�¸[°b×�³2®�µ½¬2¼P©K¶�®��¯�¬,®�×(¨U�©[¦C®`×�¸�®�»�¨U�¯�·!�¯�í¬2�§�»�¨^§�»�«P©¶P³2®�±P»�©)µ�¸V®�³�§`±�¸�¬�³7§�¹�¬�Ë,§`«�¹7¼�´�¶P³2®�±�»�©[µ�¸[°
�¬<�¸�¯�§`¬�«P³7§`»6¬2®X§�¸�Ü6°�¦I¼��¹7¼õ®�¶�©)³7§^¬2®�³

A
·�©[¯P©)³7§^¬2©[¸�§

Co
¸�©[µ��·�³2®�«�¶

T (t)
L

N ®@¶P³2®^¨�©�¬2¼P©�¦,©)»�»Vº¶�®b¸�©[²G¯�©[¸2¸!®`×I¬2¼P©4�¯P�¬��§`»Vº ±�®b«P¯�²P§�³�´Þ¨^§`»�«P©�¶�³�®b±P»�©[µ8æ Í L Í é º�æ Í L Æ�é�¦,©
�¯b¬2³�®G²G«�¹�©¬�¼P© ×�®b»�»�®^¦I�¯P·�§�«GØG�»��§`³2´�×�«P¯�¹y¬2�®b¯�¸<²G©)î�¯P©"²4§b¸,×�®�»�»�®^¦<¸a`

a(t) = u(•, t),æ}Ê L Åbé

b(t) = ut(•, t),
æ�Ê L ÊUé

η(t) = mut(1, t).
æ�Ê L Æbé
ê ®b³�¸��µ�¶P»��¹��¬E´�°,¦,©4²G©[¯P®`¬2©

a, b, η
×�®�³

a(t), b(t), η(t)
°,³�©"¸�¶�©[¹�¬��¨�©[»�´ L : íÛ6©)³2©)¯�¬2�§`¬��¯P·â¬�¼P©"¸�©

×�«P¯�¹�¬��®�¯�¸<¦Ií¬2¼4³2©[¸�¶�©[¹y¬�¬2®
t
¦,©®b±G¬2§��¯





at

bt
ηt



 =









b

axx

−
(

γa(1) + ax(1) + ε
mη

)









.
æ�Ê L ë�é

J ©)ØU¬[°P¦,©�§`»�¸�®�²G©�î�¯P©!¸�®bµ�©K×�«�¯�¹y¬2�®b¯õ¸�¶�§b¹�©[¸[°G L ©b`

V := {a ∈ H1[0, 1], a(0) = 0},æ}Ê L 9`é

H := {y(t) = (a, b, η) ∈ V × L2[0, 1] ×<}.æ�Ê L ßbé
J ®^¦ ¦V© ©"ªb«��¶4¬�¼�©!¸�¶�§b¹�© H ¦Ií¬2¼�¬2¼P©��¯P¯P©)³I¶�³�®G²G«�¹�¬

〈· , ·〉 : H×H → <æ�Ê L ãbé
²G©)î�¯P©[²4±U´

〈y , ỹ〉 :=

∫ 1

0

(axãx + bb̃)dx + γa(1)ã(1) +
1

m
ηη̃,

æ�Ê L Í Ébé

¦I¼P©[³�©
y = (a, b, η)

§�¯�²
ỹ = (ã, b̃, η̃)

§`³2©<�¯ H LrF ±�¸�©)³2¨�©�¬2¼�§^¬,¬�¼P�¸V�¯P¯�©)³�¶P³2®U²P«�¹y¬,�¸V±�§�¸�©[²X«P¶�®b¯¬�¼�©�©)¯P©[³�·b´�®`×5¬�¼P©!¸�¬�³2�¯�·õæ�¸�©[©�§`»�¸�®�æ}Å L Í é�é Ldê ®�³,¬2¼�§^¬<³2©[§b¸�®b¯�¦,© ¹[§`»�»9¬�¼�©!¸�¶�§b¹�©K¬�¼P©�©[¯P©)³2·�´�¸�¶�§b¹�©
H LdN ¼P© ©[¯P©)³2·�´�¸�¶�§b¹�© H ¬2®�·b©�¬�¼�©)³I¦I�¬�¼4¬�¼P©��¯P¯P©[³I¶P³2®U²P«�¹y¬ 〈· , ·〉 �¸I§ R �»�±�©[³�¬>¸�¶�§�¹)© LJ ©)ØU¬[°G¦,©!²G©�î�¯�©K¬2¼P©�«P¯U±�®�«P¯�²P©[²4®�¶�©)³7§^¬2®�³

A : D(A) ⊂ H → H ±U´

Ay(t) :=









b

axx

−
(

γa(1) + ax(1) + ε
mη

)









, y ∈ D(A),
æ�Ê L Í�Í é

¦I¼P©[³�©

D(A) :=
{

y(t) = (a, b, η) ∈ (H2[0, 1] ∩ V) × V ×<; η = mb(1)
}

.
æ�Ê L Í È�é
S ¸��¯P·�æ�Ê L Í�Í éVí¬I¬2¼P©)¯4×�®�»�»�®^¦<¸,¬�¼�§`¬�æ}Ê L ëbé�¹[§`¯4±�©�³2©)¦I³2í¬�¬�©[¯��¯4¬�¼P© ×�®b³�µ

ẏ = Ay,
æ�Ê L Í Å�é

y(0) = Φ,
æ�Ê L Í ÊUé

¦I¼P©[³�©
ẏ = dy(t)

dt ,
§�¯�²

Φ :=





φ

ψ

η(0)



 .
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A : D(A) ⊂ H → H w o1x
y�o w/zq{}|�~N���b����� oqyEoqpsr�t�o���r Co
��oq��� � psu0��nu��e��u0y\t(psr��qt1�ku0yF�

T (t)
u�y:t��Fo�oqyEoqp �0{ �(n\r���o H �

� psu�u�� � ; ¹)¹)®�³7²G�¯P·¬�® ¬�¼�©<Ì0«Pµ�©)³�ºvPd¼P�»�»��¶�¸ N ¼P©)®b³�©[µìæ�¸�©[©�Ý È^àj°b¶ L È�ëbé�°��¬d�¸d¸�«GöX¹��©)¯�¬d¬2®!¸�¼�®^¦ç¬�¼�§^¬
A
�¸(§>µ�º�²G�¸2¸��¶�§^¬2�¨b©h®�¶�©)³7§^¬2®�³ L(ê �³7¸E¬"°"¬2§`Üb©r§`¯U´

y = (a, b, η) ∈ D(A)
§`¯�² ¬�¼P©[¯�§<¸�¬�³7§`�·�¼�¬�×�®b³�¦�§`³7²

¹�®bµ�¶P«G¬2§`¬��®�¯4·��¨�©"¸

〈Ay, y〉 =

∫ 1

0

(axbx + axxb)dx+ γa(1)η − 1

m
η

[

γa(1) + ax(1) +
ε

m
η
]

= axb|10 + γa(1)η − γa(1)η − ax(1)η − ε

m2
η2æ�Ê L Í Æ�é

= − ε

m2
η2 ≤ 0.

ê ³2®�µ æ}Ê L Í Æbé<�¬ ×�®�»�»�®^¦<¸K¬�¼�§^¬¬�¼P©�®�¶�©)³7§^¬2®�³
A
�¸�²G�¸2¸��¶�§^¬2�¨b© L�N ¼�©)¯â¦V©�¼�§z¨�©�¬�®õ¶P³2®^¨�©�¬�¼�§`¬¬2¼P©

¸�´U¸�¬�©[µ

(I −A)y = yo
æ�Ê L Í ëbé

�¸�«P¯P�ªb«�©)»�´�¸�®�»�¨z§�±P»�©K×�®b³<§`¯U´X·b�¨b©)¯
yo = (ao, bo, ηo) ∈ H LhT ªb«�§^¬��®�¯Þæ�Ê L Í ëbéV�¸I©[ª�«P�¨^§`»�©)¯�¬I¦Ií¬2¼

a− b = ao,
æ�Ê L Í 9`é

b− axx = bo,
æ�Ê L Í ßbé

η + γa(1) + ax(1) +
ε

m
η = ηo.

æ�Ê L Í ãbé

T »��µ��¯�§^¬2�¯�·
b
×�³2®�µ'æ}Ê L Í 9�éV§�¯�²Þæ�Ê L Í ßbéV§`¯�²4«�¸��¯�·õæ}Ê L Æ�éV¦,©®b±G¬2§��¯4¬2¼P©�©[ª�«�§`¬��®�¯

a− axx = ao + bo ∈ L2(0, 1),
æ�Ê L È�Ébé

a(0) = 0,
æ�Ê L È Í é

(m+ ε+ γ)a(1) + ax(1) = ηo + (ε+m)ao(1).
æ�Ê L ÈbÈ�é
T ª�«�§`¬��®�¯�¸ æ�Ê L È�ÉbéhºIæ}Ê L È�Èbéh¼�§z¨b©K§!«�¯P�ª�«P©�¸�®�»�«G¬��®�¯

a ∈ H2(0, 1)∩ V Lhê ³�®bµ æ�Ê L Í ã�éQ¬2¼P©×�«P¯�¹y¬2�®b¯
η
¹)§�¯@±�©�×�®b«P¯�² L Ç,´4¬�¼P�¸ ¹�®b¯�¸E¬2³�«�¹y¬��®�¯$¦V©�×�®�«P¯�²@¬�¼�§`¬

y = (a, b, η) ∈ D(A).
S ®�°�¬�¼�©.¶P³2®U®`×d®�×

¬�¼�© ¬�¼P©[®�³2©)µ ¯P®^¦ ×�®�»�»�®^¦<¸�²G�³2©[¹y¬2»�´�×�³�®bµ%¬�¼�©!Ì0«Pµ�©)³�ºvPd¼P�»�»��¶�¸ N ¼P©)®b³�©[µ L
B ×
A
�¸I§�»��¯P©[§�³�®�¶�©)³7§^¬�®b³V®b¯ H ·�©[¯P©)³7§^¬2�¯P·�¬�¼P©

Co
¸�©)µ��·b³�®b«P¶

T (t)
§�¯�²�í×�¬�¼P©×�«P¯�¹�¬��®�¯

yo
�¸��¯

D(A)
¬�¼P©[¯õ¦V©!¹[§`¯õ¸�¼P®^¦ ¬�¼�§`¬ N

(t)yo
�¸<�¯

D(A)
Lr? ®b³�©[®^¨�©[³[°�¦V© ¼�§z¨b©¬�¼P© ×�®b»�»�®^¦I�¯�·.»�©)µ�µ�§ L

�r¡gf�f¾]9a��*o�t
A z o-t��\o-��yax
yN��tvo�������r0� � o�y�o�pYr�t�u�p-u��<t��\o Co

�qo���� � psu���n T (t). � �Foqy���u�p�r0y { f ∈
D(A) � oT�Fr0��o T (t)f ∈ D(A)

r0y w t��\o&����y���t(�ku�y
[0,∞) 3 t 7→ T (t)f ∈ Hæ}Ê L È`Å�é

� � w � ¡^oqpsoqy\t(�kr z �¢o �¤£ y-��rb��t1¥

d

dt
T (t)f = AT (t)f = T (t)Af.

æ�Ê L È`Ê�é

� psu�u�� � S ©[© [3]
¶�§`·b©Åbã�ß L

ê ®b³
yo ∈ D(A)

¦,©!²G©)î�¯P©

(a, b, η) = y(t) := T (t)yo.
æ�Ê L ÈbÆ�é
; ¶�¶P»�´U�¯P·�¬�¼�©�»�©[µ�µ�§�¦,©Kî�¯�²�¬�¼�§`¬

a ∈ C2
(

R+;L2[0, 1]
)

∩ C
(

R+;V ∩H2(0, 1)
)

.
æ�Ê L È�ëbé
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S ®
y(t) = T (t)yo

�¸d§¸�¬�³2®�¯P· ¸�®b»�«P¬��®�¯�®`×5æ}Ê L Í Å�é0ºræ}Ê L Í ÊUé9×�®b³d§`»�»
yo ∈ D(A)

L Ç,«G¬h×�®b³
yo ∈ D(A2)

°
§`¶�¶P»�´U�¯P·�¬�¼P©�»�©)µ�µ�§.¬E¦I�¹)©�¦V© ¼�§z¨b©





att

btt
ηtt



 = A





b

axx

−γa(1)− ax(1) − ε
mη



 ,
æ�Ê L ÈJ9`é

=





axx

bxx

r



 ,
æ�Ê L È�ßbé

¦I¼P©[³�©
r = −γb(1) − bx(1) + εγ

ma(1) + ε
max(1) +

(

ε
m

)2
η
L

ê ³2®�µ
æ�Ê L Èb9�éhºæ�Ê L È`ß�é,§`¯�²�¬�¼P©!²P©�î�¯P�¬��®�¯õ®�×
D(A)

æ}¸�©)©�æ}Ê L Í È�é�éV¦V©�®b±G¬2§��¯

t 7−→ a(t) ∈ C1
(

<+, H2 ∩ V
)

,
æ�Ê L È�ãbé

t 7−→ axx ∈ V.
æ�Ê L ÅbÉbé
F ¯�¬�¼P©�®�¬�¼P©[³I¼�§`¯�²0°P¦V©�§�»�¸�®.¼�§z¨�©

t 7−→ a(t) ∈ C2
(

<+, V
)

.
æ�Ê L Å Í é
ê ³2®�µ
æ�Ê L È`ã�érº>æ�Ê L Å Í éy°G�¬I×�®�»�»�®^¦<¸V¬2¼�§^¬

a ∈ C2
(

R+;V
)

∩ C1
(

R+;V ∩H2(0, 1)
)

∩ C
(

<+;H3(0, 1) ∩ V
)

.
æ�Ê L Å�È�é
S ®>×�³�®bµ½æ}Ê L È�Æ�é0§`¯�²Xæ}Ê L ÅbÈbéy°"×�®�³5§`»�»

yo ∈ D(A2)
°
y(t) = T (t)yo

°z¦,©r¼�§z¨b©Q¬�¼P©,©[ª�«P�¨^§`»�©)¯�¹)©d±�©)¬E¦V©[©)¯
¶P³2®�±P»�©)µ æ Í L Í é,º�æ Í L Æ�é<§`¯�²�¶�³�®b±P»�©[µ æ}Ê L Í Å�é,ºæ}Ê L Í Ê�é LKS ®�°�¬2¼P©!×�®b»�»�®^¦I�¯�·�¬�¼P©[®�³2©)µ ¼�§�¸K¯P®^¦ ±�©[©)¯
©[¸�¬2§�±P»��¸�¼P©[² L
�ed5¡U¤�\^¡gfih�a §0aT�*o�t

Φ∈ D(A2)
¥�t��\o�yXt��Fo-��y\��t(�kr��©¨ z u0��y w r0p { ��r��ª�\o^n�psu z �¢oq� |�������� ¨ |�����«�� r�y wt��Fo���y\��t(�kr�����r��¬�\o3n�psu z �¢oq� |�~E���0�� ¨ |�~N���q~�� r0pso�oY®q������r��¢oqy\t �

J ©)ØU¬[°G¦,©¦I�»�»0¸�¼P®^¦è¬�¼�§`¬I¬�¼P©�¸�®�»�«G¬��®�¯�®`×5¬�¼P© �¯Pí¬2�§�»6ºd±�®b«P¯�²P§�³�´�¨^§�»�«P© ¶P³2®�±�»�©[µ'æ Í L Í édº<æ Í L Æ�é
²G©[¶�©[¯�²P¸�¹�®b¯b¬2�¯U«P®b«�¸�»�´â®�¯¾¬�¼P©4�¯�í¬2�§�»,¨^§�»�«P©"¸ L Ì0©)¬

ŷ(t)
¸�§`¬��¸E×�´Cæ}Ê L Í Åbé!¦Ií¬2¼¾¬2¼P©4�¯P�¬��§`»,¨^§`»�«P©[¸

ŷ(0) = Φ̂
¦I¼P©)³2©

Φ̂=





φ̂

ψ̂

η̂(0)





°
(φ̂, ψ̂) ∈

(

C2[0, 1] ∩ V
)

× V
L

J ®^¦�°G¦,©�§`¶P¶�³�®zØG�µ�§`¬�©K¬�¼P©!²PíÛ6©)³2©)¯�¹)© ±�©)¬E¦V©[©)¯
y(t)

§`¯�²
ŷ(t)

°P§�¸,×�®b»�»�®^¦<¸q`
‖y(t) − ŷ(t)‖H ≤

∥

∥

∥T (t)(Φ − Φ̂)
∥

∥

∥

H
≤

∥

∥

∥Φ − Φ̂
∥

∥

∥

H

æ�Ê L ÅbÅbé
×�®�³4§`»�»

t ≥ 0
L�N ¼��¸�µ�©"§`¯�¸X¬�¼�§`¬�¸�µ�§�»�»²G�Û�©[³�©[¯�¹�©"¸X±�©�¬E¦,©)©)¯è¬�¼P©@�¯P�¬��§`»¨^§`»�«P©[¸�¹)§`«�¸�©@¸�µ�§`»�»

²G�Û�©[³�©[¯�¹�©"¸�±�©)¬E¦V©[©)¯4¬�¼�© ¸�®�»�«G¬2�®b¯
y(t)

§�¯�²
ŷ(t)

×�®b³<§`»�»
t ≥ 0

L
A ©�®�±�¸�©[³�¨b©�¬�¼�§`¬�×r¦,©!¬7§`Ü�©

φ(x) ∈ H3(0, 1), φ(0) = φ′′(0) = 0
§`¯�²

ψ(x) ∈ H2(0, 1) ∩ V¬�¼�©)¯�¦,©�¼�§z¨�©
Φ
�¯õ¬2¼P©�²G®bµ�§��¯

A2 LIS ®�°P¦,©!¹)§�¯õ¯P®^¦ ×�®b³�µ.«P»�§^¬�© ¬2¼P© ×�®�»�»�®^¦I�¯P·�¬2¼P©)®b³�©[µá®b¯�¬2¼P©
¦,©)»�»íº�¶�®�¸�©"²G¯P©"¸�¸,®`×5¬�¼�©�¯P�¬��§`»�ºj±�®�«�¯�²P§`³2´X¨^§`»�«P© ¶P³2®�±P»�©)µ
æ Í L Í éVº>æ Í L Æ�é L
�ed5¡U¤�\^¡gfih�a8¯(ae°N��nbnFu��qo

φ(x) ∈ H3(0, 1), φ(0) = φ′′(0) = 0
r0y w ψ(x) ∈ H2(0, 1)∩V, ψ(0) =

0,
t��\o�yLnEpsu z �¢oq� |��b����� ¨ |�����«�� �\r���rL��yN�k®��\oer0y w t � �k��o���u�yNt1��yN�\u��g��� {!w � ¡Ao�psoqy\t(�kr z �¢o��qu��ª��t(�ku�y-��u�p

x ∈ [0, 1]
r�y w t ≥ 0 �^± u�pso�u0��oqp�¥&t��g� �T�qu��ª��t(�ku�y w o�nFoqy w �-�Yu0y\t(��y\�\u0�g��� { u0y:t��Fo���y\��t(�kr��*��r0�ª�\o�� �

Æ L<;<=(òâÕ6Ò�Ï�W�Ð9Ñ�Ô(Õ�Ð9Ö�Ò(Ï¾Ò*V²>BVbÒ�Ñ+?�>�D³>�@F@�Ñ�Ò�´�Ö�?�>UÐ9Ö�Ò(Ï
B ¯å¬�¼P�¸!¸�©[¹y¬2�®b¯0°(§�¯Þ§�¶P¶P³2®zØG�µ�§^¬2�®b¯@®`×,¬�¼�©�¸�®�»�«G¬2�®b¯å®�×V¬2¼P©��¯�í¬2�§�»íº�±�®b«P¯�²P§�³�´�¨^§�»�«P©�¶�³�®b±P»�©[µ

æ Í L Í éVºKæ Í L Æbé�¦I�»�»0±�©�¹)®�¯�¸�¬�³2«�¹y¬2©[²4«�¸��¯�·X§�¬E¦V®�º�¬2�µ�©"¸�¹[§`»�©[¸,¶�©[³�¬2«P³2±�§^¬2�®b¯4µ�©)¬�¼P®G² L,B ×h¦V©�©)ØU¶�§`¯�²
¬�¼�©!¸�®b»�«G¬2�®b¯��¯ N §z´U»�®�³�¸�©[³��©[¸�¦I�¬�¼õ³2©[¸�¶�©"¹y¬�¬�®

ε
¸E¬2³2§��·b¼b¬�×�®�³2¦,§�³2²P»�´4°G¬�¼�§^¬<�¸)°

u(x, t) = uo(x, t) + εu1(x, t) + ε2u2(x, t) + ε3 · · · ,æ�Æ L Í é
¬�¼�©,§�¶P¶P³2®zØU�µ�§^¬2�®b¯�®`×P¬2¼P©,¸�®�»�«G¬2�®b¯!®`×P¬2¼P©,¶P³�®b±P»�©)µ ¦I�»�»G¹�®b¯b¬7§`�¯�¸�©[¹�«�»�§�³(¬2©)³2µ�¸ L�ê ³�®bµ�¬�¼P©,©)¯P©[³�·b´
�¯b¬2©)·b³2§�»��¯�¸�©[¹y¬2�®b¯�ÅP°U¦,©>ÜU¯P®^¦ ¬2¼�§^¬V¬�¼P© ¸�®b»�«P¬��®�¯X�¸,±�®b«P¯�²G©"² LdS ®�°�¬�¼�©¸�©[¹)«P»�§�³d¬2©)³2µ�¸,¸�¼P®�«P»�²X±�©
§z¨�®b�²P©[² L5N ¼�§^¬,�¸r¦I¼�´�§�¬E¦,®`ºj¬��µ�©[¸2¹)§�»�©"¸Q¶�©[³�¬2«P³�±�§^¬��®�¯�µ�©)¬�¼P®G²@æ�§�¸,²G©[¸2¹�³2�±�©[²��¯@Ý Í ÈP° Í Å^à�é5¦I�»�»�±�©
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§`¶�¶P»��©[² L©S ¸��¯P·�¸�«�¹7¼X§!¬E¦V®�º�¬��µ�©[¸2¹)§`»�©[¸r¶�©[³�¬2«P³2±�§^¬2�®b¯�µ�©)¬�¼P®G²�¬2¼P©<×�«�¯�¹y¬2�®b¯

u(x, t)
�¸r¸�«P¶P¶�®b¸�©[²

¬�®�±�©!§.×�«P¯�¹y¬2�®b¯�®`×
x
°
t
§`¯�²

τ = εt
Lhê ®b³�¬�¼�§`¬<³�©"§�¸�®�¯0°U¦,©¶�«G¬

u(x, t) = w(x, t, τ ; ε).
æjÆ L È�é
S ¸��¯P·�æ�Æ L È�ér¬2¼P©��¯�í¬2�§�»9ºr±�®�«P¯�²�§`³2´�¨z§�»�«�©�¶P³�®b±P»�©)µ'æ Í L Í érº>æ Í L Æbé,±�©"¹�®�µ�©"¸

wtt + 2εwtτ + ε2wττ − wxx = 0, 0 < x < 1, t > 0, τ > 0,
æ�Æ L Å�é

w(0, t, τ ; ε) = 0, t > 0, τ > 0,
æ�Æ L ÊUé

mwtt(1, t) + γw(1, t) + wx(1, t) = −ε(wt(1, t) + 2mw(1, t)tτ )
æ�Æ L Æbé

−ε2(wτ (1, t) +mwττ (1, t)), t > 0, τ > 0,

w(x, 0, 0; ε) = φ(x; ε), 0 < x < 1,
æ�Æ L ë�é

wt(x, 0, 0; ε) + εwτ (x, 0, 0; ε) = ψ(x; ε), 0 < x < 1,
æ�Æ L 9�é
¦I�¬�¼

φ(x) ∈ C5 ([0, 1];<) , ψ(x) ∈ C4 ([0, 1];<) ,
æ�Æ L ßbé
§`¯�²

φ(0) = φ′′(0) = φiv(0) = ψ(0) = ψ′′(0) = 0,
æ�Æ L ãbé

mφ′′(1) + γφ(1) + φ′(1) = −εψ(1),
æjÆ L Í É�é

mφ(iv)(1) + γφ′′(1) + φ′′′(1) = −εψ′′(1),
æ�Æ L ÍbÍ é

mψ′′(1) + γψ(1) + ψ′(1) = −εφ′′(1),
æ�Æ L Í È�é
S ¸��¯P·.§�¬E¦V®�º�¬2�µ�©"¸�¹[§`»�©[¸,¶�©[³�¬2«P³2±�§^¬2�®b¯Xí¬��¸,§b¸�¸�«Pµ�©[²�¬�¼�§`¬

w(x, τ1, τ2; ε)
¹[§`¯�±�© §`¶P¶P³2®zØG�µ�§`¬�©[²

±U´�¬�¼�© ×�®�³2µ�§�»9©�ØG¶�§�¯�¸��®�¯

uo(x, t, τ) + εu1(x, t, τ) + ε2u2(x, t, τ) + ε3 · · · .æ�Æ L Í Åbé
ê ³2®�µ æ�Æ L Í Ébé,º æ�Æ L Í Èbéy°P�¬K�¸<³2©[§b¸�®b¯�§`±�»�©¬�®�©�ØG¶�§`¯�²�¬2¼P©!×�«�¯�¹y¬2�®b¯�¸

φ(x; ε)
§�¯�²

ψ(x; ε)
�¯ ê ®b«P³2�©[³

¸�©)³2�©"¸)°�¬�¼�§^¬<�¸)°

φ(x) = φo(x) + εφ1(x) + · · · ,æ�Æ L Í Ê�é

ψ(x) = ψo(x) + εψ1(x) + · · · .æ�Æ L Í Æ�é
S «P±�¸E¬2í¬2«G¬��¯P·õæ�Æ L Í Å�éQ�¯b¬2®�æjÆ L ÅbéQºIæ�Æ L Æbéd§�¯�²@æ�Æ L Í Ê�éhº�æjÆ L Í Æ�éh�¯�¬�®4æ�Æ L ë�éQºIæ�Æ L 9`é�°G§`¯�²X§`×f¬�©[³V©"ªb«�§^¬��¯P·
¬�¼�©!¹�®U©�öX¹��©)¯�¬7¸�®`×�»��Ü�©�¶�®^¦V©[³2¸,�¯

ε
°G�¬I×�®�»�»�®^¦<¸V¬2¼�§^¬

uo
¼�§�¸,¬2®X¸�§`¬��¸E×�´

uott
− uoxx

= 0, 0 < x < 1, t > 0, τ > 0,
æ�Æ L Í ëbé

uo(0, t, τ) = 0, t > 0, τ > 0,
æ�Æ L Í 9`é

muott
(1, t) + γuo(1, t) + uox

(1, t) = 0, t > 0, τ > 0,
æjÆ L Í ßbé

uo(x, 0, 0) = φo(x), 0 < x < 1,
æ�Æ L Í ã�é

uot
(x, 0, 0) = ψo(x), 0 < x < 1.

æ�Æ L È`É�é
¦I�¬�¼

φo(0) = φ′′o (0) = φiv
o (0) = ψo(0) = ψ′′

o (0) = 0,
æ�Æ L È Í é

mφ′′o (1) + γφo(1) + φ′o(1) = 0,
æ�Æ L È�Èbé

mφ(iv)
o (1) + γφ′′o(1) + φ′′′o (1) = 0,

æ�Æ L È`Å�é

mψ′′
o (1) + γψo(1) + ψ′

o(1) = 0.
æ�Æ L È^ÊUé
N ¼P©�¸�®�»�«G¬��®�¯õ®`×�æ�Æ L Í ëbérº>æ�Æ L È�Ébér×�®�»�»�®^¦<¸V×�³2®�µ ¸�©"¹y¬��®�¯�ÈG°G´U�©)»�²G�¯P·

uo(x, t, τ) =

∞
∑

n=1

(

An(τ) sin(
√

λnt) +Bn(τ) cos(
√

λnt)

)

sin(
√

λnx),
æ�Æ L ÈbÆ�é
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An(0)
§`¯�²

Bn(0)
§`³2©·b�¨b©)¯4±U´

An(0) =

∫ 1

0
[1 +mδ(x− 1)]φ(x) sin(

√
λnx)dx

∫ 1

0 [1 +mδ(x− 1)] sin2(
√
λnx)dx

,
æ�Æ L È�ëbé

Bn(0) =
1√
λn

∫ 1

0
[1 +mδ(x− 1)]ψ(x) sin(

√
λnx)dx

∫ 1

0 [1 +mδ(x− 1)] sin2(
√
λnx)dx

.
æ�Æ L ÈJ9`é
§`¯�²�¦I¼P©[³�©

λn
�¸�·b�¨b©)¯4±�´åæ�È L Í ã�é LS ¸��¯P·�æ�Æ L ßbé,§�¯�²Þæ�Æ L È Í éhºæ�Æ L È^ÊUéd¦,©�®�±P¬2§`�¯�¬�¼P© ×�®b»�»�®^¦I�¯�·.�¯P©[ª�«�§�»��¬��©[¸

|An(0)| ≤ 2C1

λ
5/2
n

,
æ�Æ L È�ßbé

|Bn(0)| ≤ 2Co

λ
5/2
n

,
æ�Æ L È�ãbé

¦I¼P©[³�©
Co
§`¯�²

C1
§`³2© ·��¨�©)¯4±U´

Co = max
1≤n<∞

{∣

∣

∣

∣

γ√
λn

φ(iv)
o (1) sin(

√

λn) −
∫ 1

0

φ(v)
o (x) cos(

√

λnx)dx

∣

∣

∣

∣

}

,
æ�Æ L ÅbÉbé

§`¯�²

C1 = max
1≤n<∞

{∣

∣

∣

∣

− (γψ′′
o (1) + ψ′′′

o (1)) sin(
√

λn) +

∫ 1

0

ψ(iv)
o (x) sin(

√

λnx)dx

∣

∣

∣

∣

}

,
æ�Æ L Å Í é

³2©[¸�¶�©"¹y¬��¨�©[»�´ L
N ¼P©

O(ε)
ºd¶P³2®�±�»�©[µ%×�®�³

u1
�¸�·��¨�©)¯4±U´

u1tt
− u1xx

= −2uotτ
, 0 < x < 1, t > 0,

æjÆ L ÅbÈbé

u1(0, t, τ) = 0, t > 0, τ > 0,
æ�Æ L ÅbÅbé

mu1tt
(1, t, τ) + γu1(1, t, τ) + u1x

(1, t, τ) = −2muotτ
(1, t, τ)

æ�Æ L Å�Ê�é

−uot
(1, t, τ), t > 0, τ > 0,

u1(x, 0, 0) = φ1(x), 0 < x < 1,
æ�Æ L ÅbÆbé

u1t
(x, 0, 0) = ψ1(x) − uoτ

(x, 0, 0), 0 < x < 1.
æjÆ L Å�ë�é

¦I�¬�¼

φ1(0) = φ′′1(0) = φiv
1 (0) = ψ1(0) = ψ′′

1 (0) = 0,
æ�Æ L ÅJ9�é

mφ′′1 (1) + γφ1(1) + φ′1(1) = −ψo(1),
æ�Æ L Åbßbé

mφ
(iv)
1 (1) + γφ′′1(1) + φ′′′1 (1) = −ψ′′

o (1),
æ�Æ L Åbãbé

mψ′′
1 (1) + γψ1(1) + ψ′

1(1) = −φ′′o(1).
æ�Æ L Ê�Ébé

N ®K¸�®�»�¨�©>æjÆ L ÅbÈ�é9ºdæ�Æ L Å�ë�é�¬�¼�©V©[�·b©)¯G×�«P¯�¹y¬��®�¯.©�ØG¶�§�¯�¸��®�¯!§�¶P¶P³2®b§b¹7¼�¦I�»�»U±�©,«�¸�©[² L5? §`ÜU�¯P·>±�®�«P¯�²P§`³2´
¹�®b¯�²G�¬��®�¯�¸5¼P®bµ�®�·�©[¯P©)®b«�¸0�¸5¬�¼�©,«�¸�«�§�»U¦,§z´¬�® ¸�®�»�¨�©,�¯P�¬��§`»�º9±�®�«P¯�²�§`³2´�¨z§�»�«�©V¶P³2®�±�»�©[µ�¸5¦I¼P©[¯�¬2¼P©
�¯P¼P®�µ�®b·�©)¯�©)®�«�¸(±�®�«P¯�²P§`³2´!¹�®b¯�²G�¬��®�¯�¸Q§`³2©,®`×�¹)»�§b¸�¸��¹[§`»b¬E´U¶�©�æf¬2¼�§^¬d�¸[°`§`³2©V®�× : �³2�¹7¼�»�©)¬[° J ©)«Pµ�§`¯�¯0°
®�³®`× = ®�±P�¯@¬E´U¶�©"é L�ê ®b³K¬2¼P©�¯P®�¯Gº�¹�»�§�¸2¸��¹[§`»5±�®b«P¯�²P§�³�´�¹�®b¯�²G�¬��®�¯â§^¬

x = 1
¬�¼��¸ §`¶�¶P³�®�§�¹7¼õ¬2«P³�¯�¸

®�«P¬K¬2®�±�©.¯�®`¬�§`¶P¶P»��¹)§`±�»�© L�A ¼P©)¯å¦V©�§`¶P¶�»�´õ¬2¼P©.©[�·b©)¯G×�«�¯�¹y¬2�®b¯$©�ØG¶�§�¯�¸��®b¯�¬�®õ¸�®b»�¨b©!¬2¼P©.�¯P�¬��§`»�º
±�®�«P¯�²�§`³2´å¨^§`»�«P©X¶�³�®b±P»�©[µ æjÆ L ÅbÈbéº�æjÆ L Å�ëbé ¬�¼P©�»�©)×f¬�º�¼�§`¯�²ä¸��²G©�®�×�æjÆ L ÅbÈbé�§^¬

x = 1
§`¯�²â¬2¼�§^¬�®`×

æ�Æ L Å�Ê�ér§`³2©>®`×(¬�¼P©�¸2§`µ�©<×�®b³�µ LdS ®�°�¬2®�¸�®�»�¨�©>¬�¼P© ¶P³2®�±P»�©)µ%¹)®�³2³�©"¹y¬�»�´�¬�¼P©³2�·b¼b¬�ºj¼�§`¯�²X¸��²G©K®�×Væ�Æ L Å�È�é
§^¬
x = 1

°6§`¯�²õ¬�¼�§`¬®�×>æ�Æ L Å�Ê�éI¸�¼P®�«�»�²�µ�§`¬2¹7¼0°�¬�¼�§^¬K�¸[°6¸�¼P®b«P»�²@±�©.¶P³�®b¶�®b³�¬2�®b¯�§`» L>N ®�®b±G¬2§��¯�¬2¼P�¸
µ�§^¬7¹7¼P�¯�·�¦,© �¯�¬2³�®G²G«�¹)©¬�¼P© ×�®b»�»�®^¦I�¯�·.¬2³2§�¯�¸�×�®�³2µ�§`¬��®�¯

u1(x, t, τ) = xg(t, τ) + v(x, t, τ).
æ�Æ L Ê Í é
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S «P±�¸E¬2í¬2«G¬��¯P·@æ�Æ L Ê Í éV�¯b¬2®�æ�Æ L ÅbÈbé,§`¯�²Þæ�Æ L Å�Ê�ér¦V©�®b±G¬2§��¯

vtt − vxx = −2uotτ
− xgtt, 0 < x < π, t > 0,

æjÆ L Ê�Èbé

v(0, t, τ) = 0, t > 0,
æjÆ L ÊbÅbé

mvtt(1, t, τ) + γv(1, t, τ) + vx(1, t, τ) = −2muotτ
(1, t, τ)

−uot
(1, t, τ) −mgtt(t, τ) − (γ + 1)g(t, τ), t > 0,

æ�Æ L ÊbÊ�é

v(x, 0, 0) = φ1(x) − xg(0, 0), 0 < x < π,
æjÆ L Ê�Æ�é

vt(x, 0, 0) = ψ1(x) − uoτ
(x, 0, 0) − xgt(0, 0), 0 < x < π.

æjÆ L Êbë�é
N ®�¸�®�»�¨�©�æ�Æ L ÊUÈ�érºKæjÆ L Êbëbé

v(x, t, τ)
�¸�¦I³2í¬�¬�©)¯õ�¯4¬�¼P©�©[�·b©)¯G×�«P¯�¹y¬��®�¯4©�ØG¶�§�¯�¸��®b¯

v(x, t, τ) =

∞
∑

n=1

vn(t, τ) sin(
√

λnx).
æ�Æ L Ê�9`é
S «P±�¸E¬2í¬2«G¬��¯P·@æ�Æ L Ê�9`éV�¯b¬2®�æ�Æ L Ê�Èbé,§`¯�²Þæ�Æ L ÊbÊ�éV§`¯�²�¬7§`ÜU�¯�·.¬2¼P©�»��µ��¬I×�®�³

x = 1
¦,© ®�±G¬7§`�¯

∞
∑

n=1

(vntt
(t, τ) + λnvn(t, τ)) sin

(

√

λn.1
)

= −2uotτ
(1, t, τ) − gtt (t, τ)

æ�Æ L Ê�ßbé

§`¯�²
∞
∑

n=1

(

(mvntt
(t, τ) + γvn(t, τ)) sin(

√

λn) +
√

λnvn(t, τ) cos(
√

λn)
)

= −2muotτ
(1, t, τ)

−uot
(1, t, τ) −mgtt(t, τ) − (γ + 1) g(t, τ)

æ�Æ L Ê�ãbé
³2©[¸�¶�©"¹y¬��¨�©[»�´ L�ê ³2®�µ æjÈ L Í ã�é í¬�×�®�»�»�®^¦<¸ ¬2¼�§^¬

mλn = γ +
√
λn cot

(√
λn

) °h§`¯�²ä¸�®
m
¬��µ�©"¸!¬2¼P©

»�©�×f¬�º�¼�§�¯�²å¸��²G©�®`×�æ�Æ L Êbß�é<�¸ ©[ª�«�§�»Q¬�®4¬�¼�§^¬�®`× æ�Æ L Êbã�é L�; ¯�²Þ¸�®�°
m
¬2�µ�©"¸¬�¼P©�³2�·b¼�¬�º�¼�§`¯�²å¸��²G©�®`×

æ�Æ L Ê�ßbé,¸�¼P®�«P»�²�±�©�©"ªb«�§`»6¬�®�¬2¼�§^¬<®�×�æjÆ L Êbãbé LQB ¬I¬�¼P©[¯�×�®b»�»�®^¦<¸V¬�¼�§`¬

−2muott
(1, t, τ) −mgtt(t, τ) = −2muott

(1, t, τ) − uot
(1, t, τ) −mgtt(t, τ) − (γ + 1)g(t, τ)

⇔ g(t, τ) = − 1

γ + 1
uot

(1, t, τ).
æ�Æ L Æ�Ébé

N ¼P© �¯Pí¬2�§�»9ºr±�®�«P¯�²P§`³2´�¨^§`»�«P©�¶P³2®�±P»�©)µ'æjÆ L Ê�Èbédº>æjÆ L Êbë�ér¯�®^¦ ±�©[¹�®bµ�©[¸

vtt − vxx = −2uotτ

æ�Æ L Æ Í é

+
1

γ + 1
xuottt

(1, t, τ), 0 < x < 1, t > 0,

v(0, t, τ) = 0, t > 0,
æjÆ L Æ�È�é

mvtt(1, t, τ) + γv(1, t, τ) + vx(1, t, τ) = −2muotτ
(1, t, τ)

æ�Æ L Æ�Åbé

+m
1

γ + 1
uottt

(1, t, τ), t > 0,

v(x, 0, 0) = φ1(x) +
ψo(1)

γ + 1
x, 0 < x < π,

æ�Æ L Æ^ÊUé

vt(x, 0, 0) = ψ1(x) − uoτ
(x, 0, 0) +

φ′′o (1)

γ + 1
x, 0 < x < π.

æ�Æ L Æ�Æbé

B ¬5¸�¼P®b«P»�² ±�©r®b±�¸�©)³2¨�©[²>¬�¼�§^¬��×
m
�¸(©[ª�«�§`»�¬�®�7[©)³2®�¬�¼P©[¯�¬�¼�©r±�®�«P¯�²�§`³2´¹)®�¯�²G�¬��®�¯!§`¬

x = 1
±�©"¹�®�µ�©"¸

§$¹)»�§b¸�¸��¹)§`»,±�®�«P¯�²�§`³2´Þ¹)®�¯�²Pí¬2�®b¯ Läê ³2®�µ8æ�Æ L Æ�Åbé��¬X¹)§�¯ç³�©"§�²G�»�´â±�©õ¸�©[©)¯ç¬2¼�§^¬��¯ç¬�¼�§^¬�¹)§�¸�©X¬2¼P©
±�®�«P¯�²�§`³2´�¹�®b¯�²G�¬��®�¯äæ�Æ L Å�Ê�é�§`¬

x = 1
±�©[¹)®�µ�©[¸<§�¯�¼P®�µ�®b·�©)¯�©)®�«�¸�®�¯P©!§`×f¬�©)³>¬�¼P©!¬�³7§`¯�¸�×�®�³2µ�§^¬��®�¯

æ�Æ L Ê Í é L5A ¼�©)¯õ¦V© ©)ØU¶�§`¯�²
x
�¯4§ ê ®�«P³2�©[³I¸�©[³��©[¸[°U¬�¼�§`¬I�¸[°

x =

∞
∑

n=1

cn sin(
√

λnx),
æ�Æ L Æ�ëbé
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cn
�¸�·b�¨b©)¯4±U´

cn =

∫ 1

0
x[1 +mδ(x− 1)] sin(

√
λnx)dx

∫ 1

0
[1 +mδ(x− 1)] sin2(

√
λnx)dx

æ�Æ L ÆJ9`é

=
2(γ + 1) sin(

√
λn)

λn + (mλn + γ) sin2(
√
λn)

¬�¼�©<�¯�í¬2�§�»Pº�±�®�«�¯�²P§`³2´�¨^§�»�«P©>¶P³�®b±P»�©)µïæ�Æ L Æ Í é�ºVæ�Æ L ÆbÆ�éh¹[§`¯�¯P®^¦ ±�©¸�®b»�¨b©[²�±U´.¸�«P±�¸�¬��¬�«G¬2�¯�·�æ�Æ L Ê�9`é
�¯b¬2®�¬�¼P©�¶�§�³�¬2�§�»0²G�Û�©[³�©[¯b¬2�§�»9©[ª�«�§`¬��®�¯Þæ�Æ L Æ Í éy°G´U�©)»�²G�¯�·

vntt
+ λnvn = (2

√

λnA
′
n +

cn

γ + 1
λ3/2

n sin(
√

λn)An) sin(
√

λnt)
æ�Æ L Æ�ßbé

−(2
√

λnB
′
n +

cn

γ + 1
λ3/2

n sin(
√

λn)Bn) cos(
√

λnt)

+
cn

γ + 1

∞
∑

p=1

p6=n

λ3/2
p sin(

√

λp)(Ap sin(
√

λpt) −Bp cos(
√

λpt)).

F ±�¸�©)³2¨�©�¬2¼�§^¬
v(x, t, τ)

¯P®^¦%§`«P¬�®�µ�§`¬��¹)§`»�»�´å¸2§^¬��¸�î�©[¸!¬�¼P©�±�®b«P¯�²P§�³�´â¹�®�¯�²Gí¬2�®b¯�¸�§`¬
x = 0

§�¯�²
x = 1.

B ¯@®�³7²G©)³>¬�®X³2©)µ�®^¨b©!¸�©"¹�«P»�§`³I¬2©)³2µ�¸)°�í¬¯P®^¦M©[§b¸��»�´X×�®�»�»�®^¦<¸I×�³2®�µ æ�Æ L Æ`ß�é,¬�¼�§^¬
An

§`¯�²
Bn¼�§z¨b©>¬2®X¸�§`¬��¸E×�´

A′
n +

cn

2(γ + 1)
λn sin(

√

λn)An = 0,
æ�Æ L Æ�ãbé

B′
n +

cn

2(γ + 1)
λn sin(

√

λn)Bn = 0.
æ�Æ L ëbÉbé

S ¸��¯P·�æ�È L Í ã�éV¦V©�²G©)î�¯P©

αn =
cn

2(γ + 1)
λn sin(

√

λn) =
λn sin2(

√
λn)

λn + (mλn + γ) sin2(
√
λn)

> 0.
æ�Æ L ë Í é

N ¼P©�¸�®�»�«G¬��®�¯õ®`×�æ�Æ L Æ�ãbérº>æ�Æ L ëbÉbéV�¸�·b�¨b©)¯4±U´

An(τ) = An(0) exp(−αnτ),
æ�Æ L ë�È�é

Bn(τ) = Bn(0) exp(−αnτ).
æ�Æ L ëbÅbé

ê ³2®�µìæ�Æ L È`ß�é9ºræjÆ L È`ã�é�§�¯�²4æ�Æ L ë Í é9ºræjÆ L ë�Å�é(�¬h×�®�»�»�®^¦<¸(¬2¼�§^¬Q¬2¼P©I�¯Pî�¯P�¬�©<¸�©)³2�©"¸�³2©)¶�³�©"¸�©[¯b¬7§^¬2�®b¯�æ�Æ L ÈbÆ�é
×�®�³

uo
�¸d¬E¦I�¹�©¹�®�¯�¬2�¯U«P®b«�¸�»�´�²GíÛ6©)³2©)¯�¬2�§�±P»�©K¦Ií¬2¼�³2©[¸�¶�©"¹y¬V¬�®

x
§�¯�²

t
°G§`¯�²X�¯Gî�¯Pí¬2©)»�´�µ�§`¯U´�¬��µ�©"¸

¦I�¬�¼�³2©[¸�¶�©[¹y¬V¬�®
τ
Ldê ³2®�µ�æ�È L Í ãbédí¬,×�®�»�»�®^¦<¸r¬�¼�§^¬ √

λn → (n− 1)π
§b¸
n → ∞ LdS ®�° αn

¬�©)¯�²P¸V¬�®
0
§b¸
n
¬2©)¯�²�¸r¬2® ∞ Lhê ³2®�µ�æ�Æ L ë�È�ér§`¯�²åæ�Æ L ë�Å�éh�¬V¬2¼P©)¯�×�®�»�»�®^¦<¸r¬�¼�§^¬

uo
�¸�¸�¬2§�±P»�©K±P«G¬�¯P®`¬�«P¯P�×�®�³2µ L

ê ³2®�µ
æ�Æ L Æ`ß�é
vn(t, τ)

¹[§`¯4¯P®^¦ ±�©!²G©)¬�©)³2µ��¯�©[²9°P´U�©)»�²G�¯P·

vn(t, τ) = Dn(τ) cos(
√

λnt) +En(τ) sin(
√

λnt)
æ�Æ L ë�Ê�é

+

∞
∑

p=1

p6=n

1

γ + 1

λ
3/2
p

λp − λn
sin(

√

λp)(−Ap(τ) sin(
√

λpt) +Bp(τ) cos(
√

λnt)),
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Dn(τ)
§`¯�²

En(τ)
§�³�©,¸E¬2�»�»P§`³2±P�¬�³7§`³2´>×�«P¯�¹y¬��®�¯�¸�¦I¼��¹7¼�¹)§`¯.±�©�«�¸�©[²!¬�® §z¨�®b�²�¸�©[¹)«P»�§�³(¬2©)³2µ�¸

�¯
u2(x, t, τ)

LVê ³�®bµ'æ�Æ L Æ`Ê�é,§`¯�²X×�³2®�µ'æjÆ L Æ�Æbér�¬I×�®�»�»�®^¦<¸,¬�¼�§`¬

Dn(0) =
1

βn

∫ 1

0

[1 +mδ(x − 1)]

[

φ1(x) +
ψo(1)

γ + 1
x

]

sin(
√

λnx)dx
æ�Æ L ë�Æ�é

− cn

γ + 1

∞
∑

p=1

p6=n

λ
3/2
p

λp − λn
sin(

√

λp)Bp(0),

√

λnEn(0) =
1

βn

∫ 1

0

[1 +mδ(x − 1)]

[

ψ1(x) +
φ′′o (1)

γ + 1
x

]

sin(
√

λnx)dx
æ�Æ L ëbëbé

+αnBn(0) +
cn

γ + 1

∞
∑

p=1

p6=n

λ2
p

λp − λn
sin(

√

λp)An(0),

¦I¼P©[³�©
βn =

∫ 1

0
[1 +mδ(x− 1)] sin2(

√
λnx)dx = 1

2

[

1 +
[

mλn+γ
λn

]

sin2 √λn

]

≥ 1
2

LdT »�©[µ�©[¯�¬2§`³�º
�»�´åí¬.¹[§`¯Þ±�©X¸�¼P®^¦I¯â¬2¼�§^¬ |Dn(0)| ≤ C2

λ2
n

§`¯�²
En(0) ≤ C3

λ2
n

°�¦I¼�©)³2©
C2

§`¯�²
C3

§`³2©�¹�®b¯�¸E¬7§`¯�¬2¸ L
N ¼P©�¸�®�»�«G¬2�®b¯

u1(x, t, τ)
®`×<æ�Æ L Å�È�é,º æ�Æ L Å�ë�é,¯P®^¦ ©[§b¸��»�´�×�®�»�»�®^¦<¸�×�³�®bµ æjÆ L Ê Í éy°�æjÆ L Êg9�éy°�æjÆ L Æ`É�éy°�§�¯�²

æ�Æ L ë�Ê�é�°G´��©)»�²G�¯P·

u1(x, t, τ) =

∞
∑

n=1

(

vn(t, τ) +
cn

γ + 1

∞
∑

p=1

Hp(t, τ)

)

sin(
√

λnx),
æ�Æ L ëg9`é

¦I¼P©[³�©
Hp(t, τ) =

√

λp sin(
√

λp)
(

Bp(τ) sin(
√

λpt) −Ap(τ) cos(
√

λpt)
) °�¦I¼�©)³2©

vn
�¸d·b�¨b©)¯�±U´

æ�Æ L ë�Ê�é�°[¦I¼P©[³�©
An(τ)

§`¯�²
Bn(τ)

§`³2©h·��¨�©)¯ ±U´.æjÆ L ëbÈbé9§`¯�²�æjÆ L ë�Åbé�°"§�¯�² ¦I¼P©[³�©
cn
�¸0·b�¨b©)¯ ±U´�æjÆ L Æb9�é L

B ¬¸�¼P®b«P»�²@±�©�®�±�¸�©)³2¨�©"²�¬�¼�§`¬
u1(x, t, τ)

¸�¬��»�»Q¹�®b¯�¬2§`�¯�¸>�¯Gî�¯Pí¬2©)»�´�µ�§`¯U´�«�¯�²G©�¬2©)³2µ��¯P©"²�×�«P¯�¹y¬��®�¯�¸
Dn(τ)

§�¯�²
En(τ)

°
n = 1, 2, 3, · · · . N ¼P©"¸�©X×�«P¯�¹y¬2�®b¯�¸�¹[§`¯Þ±�©�«�¸�©[²â¬2®@§z¨�®��²Þ¸�©"¹�«P»�§`³ ¬2©)³2µ�¸!�¯¬�¼�©K×�«�¯�¹y¬2�®b¯

u2(x, t, τ)
Lr; ¬�¬2¼P�¸<µ�®bµ�©)¯�¬[°G¼P®^¦,©)¨b©)³"°b¦,©�§`³2©K¯�®`¬I�¯�¬2©)³2©[¸�¬�©[²��¯4¬2¼P© ¼P�·b¼P©)³�®b³2²G©[³

§`¶�¶P³�®zØG�µ�§^¬��®�¯�¸ L5ê ®�³r¬�¼�§`¬V³2©[§b¸�®b¯�¦,©>¦I�»�»�¬7§`Ü�©
Dn(τ) = Dn(0)

§�¯�²
En(τ) = En(0).

S ®!×}§�³r¦,©
¼�§z¨b© ¹)®�¯�¸�¬�³2«�¹�¬�©[²4§�×�®�³2µ�§`»(§�¶P¶P³2®zØG�µ�§^¬2�®b¯

ū(x, t) = uo(x, t, τ) + εu1(x, t, τ)
®�×
u(x, t)

°�¦I¼P©)³2©
uo(x, t, τ)

§`¯�²
u1(x, t, τ)

§�³�©!¬E¦I�¹)©.¹�®b¯�¬��¯�«�®�«�¸�»�´�²G�Û6©)³2©)¯�¬��§`±P»�©�¦I�¬�¼å³�©"¸�¶�©[¹�¬>¬2®
x
§`¯�²

t
°6§�¯�²

�¯Gî�¯P�¬�©[»�´�µ�§�¯U´�¬��µ�©[¸I¦I�¬�¼õ³2©[¸�¶�©"¹y¬�¬�®
τ
L

ë L�¸.ÏçÐ+=0ò�>*W�U[?^@GÐ0Ò(Ð6Ö�Õ�¹b>�DbÖfÓ�Ö�ÐEU Ò*V}VbÒ�Ñ+?�>�D³>�@\@PÑ�Ò+´(Ö�?�>UÐ9Ö�Ò(Ï*W
B ¯â¬�¼P�¸!¸�©[¹�¬��®�¯0°5¦V©�¸�¬�«�²P´$¬2¼P©X§�¸�´Uµ�¶P¬�®`¬2�¹�¨^§�»��²G�¬E´$®`×,×�®�³2µ�§`»d§�¶P¶P³2®zØU�µ�§^¬2�®b¯�¸®�¯

0 ≤ t ≤
Loε

−1 §�¯�² 0 ≤ x ≤ 1
°�¦I¼P©)³2©

Lo
�¸K§�¯

ε
ºj�¯�²G©[¶�©[¯�²G©[¯b¬ ¹�®b¯�¸E¬7§`¯�¬ L>A ©.¦I�»�»5¸�¼P®^¦�¬�¼�§^¬§X×�®�³2µ�§`»

§`¶�¶P³�®zØG�µ�§^¬��®�¯4®`×Q¬2¼P©�¸�®�»�«G¬��®�¯õ�¸<�¯�²G©)©"²�§`¯@§b¸�´Uµ�¶G¬�®�¬��¹�§`¶P¶�³�®zØG�µ�§`¬��®�¯4í×h¬2¼P©�§�¶P¶P³2®zØU�µ�§^¬2�®b¯
¸2§^¬��¸�î�©[¸K¬�¼�©LP :>T °�§`¯�²@¬2¼P© B Ë,¸�§`¯�²âÇ<Ë,¸ «P¶â¬�®�¸�®�µ�©�°(¸�¶�©[¹��î�©"²å®b³2²P©)³�¯

ε
L�B ¯Þ¸�©[¹�¬��®�¯ÞÆ�¦,©

¼�§z¨b©¹)®�¯�¸�¬�³2«�¹y¬2©[²�¬�¼P© ×�«�¯�¹y¬2�®b¯

ū(x, t) = uo(x, t, τ) + εu1(x, t, τ).
æ}ë L Í é

N ¼P�¸�×�«P¯�¹�¬��®�¯��¸<§�¸�®`º�¹)§`»�»�©[²�×�®�³2µ�§�»(§`¶�¶P³�®zØG�µ�§^¬��®�¯�®`×Q¬�¼�©!¸�®b»�«G¬2�®b¯�§`¯�²�¬�¼��¸<×�«P¯�¹y¬2�®b¯@¸�§`¬��¸Eî�©[¸
¬�¼�© ×�®�»�»�®^¦I�¯P·��¯P�¬��§`»�º�±�®b«P¯�²P§�³�´X¨^§�»�«P© ¶P³2®�±�»�©[µ

ūtt − ūxx = ε2F (x, t; ε), 0 < x < 1, t > 0,
æ�ë L È�é

ū(0, t) = 0, t ≥ 0,
æ�ë L Åbé

mūtt(1, t) + γū(1, t) + ūx(1, t) + εūt(1, t) = ε2R(t, τ ; ε), t ≥ 0,
æ�ë L Ê�é

ū(x, 0) = φo(x) + εφ1(x), 0 < x < 1,
æ}ë L Æ�é

ūt(x, 0) = ψo(x) + εψ1(x)
æ}ë L ë�é

+ε2u1τ
(x, 0, 0), 0 < x < 1,
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¦I¼P©[³�©

F (x, t; ε) = uoττ
(x, t, τ) + 2u1tτ

(x, t, τ) + εu1ττ
(x, t, τ),

R(t, τ ; ε) = muoττ
(1, t, τ) + 2mu1tτ

(1, t, τ) + uoτ
(1, t, τ) + u1t

(1, t, τ)

+εmu1ττ(1, t, τ) + εu1τ (1, t, τ),
N ®�¶�³�®^¨b©>¬2¼P©!§�¸�´Uµ�¶P¬�®`¬2�¹¨^§`»��²Gí¬E´�®`×

ū(x, t, τ)
¦,©�²G©�î�¯P©!¸�®bµ�© §�«GØG�»��§`³2´�×�«P¯�¹y¬2�®b¯�¸[°

ā(t) = ū(•, t),æ�ë L 9`é
b̄(t) = ūt(•, t),

æ}ë L ß�é

η̄(t) = mūt(1, t).
æ}ë L ã�é
A ©å§`»�¸�®¾²G©)¯�®`¬�©

ā, b̄
§`¯�²

η̄
×�®�³

ā(t), b̄(t)
§`¯�²

η̄(t)
°>³2©[¸�¶�©"¹y¬2�¨b©)»�´ L Ç,´C²GíÛ6©)³2©)¯�¬2�§`¬��¯P·ä¬�¼�©[¸�©

×�«P¯�¹�¬��®�¯�¸<¦Ií¬2¼4³2©[¸�¶�©[¹y¬�¬2®
t
¦,©®b±G¬2§��¯





āt

b̄t
η̄t



 =





b̄

āxx

−γā(1) − āx(1) − ε
mη



 + ε2





0
F (•, t; ε)
R(1, t; ε)



 .
æ}ë L Í Ébé

A ©!§`»�¸�®�²G©�î�¯P© ¬�¼P©!¸2§`µ�© ®�¶�©)³7§^¬2®�³
A
§�¸��¯õ¸�©"¹y¬��®�¯õÊ�°G L © L

Aȳ =





b̄

āxx

−γā(1) − āx(1) − ε
m η̄



 ,
æ}ë L ÍbÍ é

¦I¼P©[³�©
ȳ =





ā

b̄

η̄





°�§`¯�²âæ}ë L Í Ébér¬�¼P©[¯õ±�©"¹�®�µ�©"¸

dȳ

dt
= Aȳ + ε2Θ(t),

æ}ë L Í È�é

ȳ(0) = Φ̄,
æ}ë L Í Åbé

¦I¼P©[³�©
Θ(t) =





0
F (•, t; ε)
R(1, t; ε)





°P§�¯�²
Φ̄ = Φ + ε2





−φ2 − εφ3 · · ·
u1τ (•, 0, 0) − ψ2 − εψ3 · · ·

m (u1τ (1, 0, 0)− ψ2(1) − εψ3(1) · · · )



 .

ê ³2®�µ3¬�¼P©¹�®b¯�¨b©)³2·�©[¯�¹�©�§`¯�²�²PíÛ6©)³2©)¯�¬��§`±��»�í¬E´�¶P³2®�¶�©)³�¬��©[¸h®�×6¬�¼P©<�¯Gî�¯�í¬2©K¸�©)³2�©"¸h³�©[¶P³2©[¸�©)¯�¬2§`¬��®�¯�¸
×�®�³

uo
§�¯�²

u1
í¬�×�®�»�»�®^¦<¸r¬2¼�§^¬

Θ
§�¯�²

Φ̄−Φ
§`³2©K±�®�«�¯�²G©[²0°U¬�¼�§`¬��¸[°b¬2¼P©)³2©�§`³2©<¬E¦,®�¹)®�¯�¸�¬2§�¯�¬2¸

M0§`¯�²
M1

¸�«�¹7¼�¬�¼�§`¬

‖Θ(t)‖H ≤ M0,
æ}ë L Í Ê�é

∥

∥Φ̄ − Φ
∥

∥

H
≤ ε2M1.

æ}ë L Í Æ�é
N ¼P©�¸�®�»�«G¬��®�¯õ®`×�¬�¼P©��¯P�¬��§`»0¨^§�»�«P© ¶P³2®�±�»�©[µ'æ}ë L Í È�érº>æ}ë L Í ÅbéV�¸<·��¨�©)¯�±U´

ȳ(t) = T (t)Φ̄ + ε2
∫ t

0

T (t− s)Θ(s)ds,
æ�ë L Í ëbé

¦I¼P©[³�©
T (t)

�¸d²G©)î�¯P©"²�§b¸h�¯�¸�©[¹�¬��®�¯�Ê LQê ®b³
0 ≤ t ≤ Loε

−1 §`¯�² 0 ≤ x ≤ 1
°`¦,©<¹)§�¯�¯�®^¦¾©[¸�¬��µ�§^¬2©

¬�¼�©!²GíÛ6©)³2©)¯�¹�© ±�©)¬E¦V©[©)¯
y
§�¯�²

ȳ

‖y(t) − ȳ(t)‖H =

∥

∥

∥

∥

T (t)
(

Φ − Φ̄
)

− ε2
∫ t

0

T (t− s)Θ(s)ds

∥

∥

∥

∥

H

æ}ë L Í 9`é
≤ ε2M1 + ε2M0t ≤ ε(εM1 + LoM0).

A © ¹[§`¯4¹�®�¯�¹�»�«�²G©K×�³�®bµ æ}ë L Í 9�éh¬2¼�§^¬
y(t)− ȳ(t) = O(ε)

®�¯õ§�¬��µ�©"¸�¹[§`»�©K®�×(®�³7²G©[³ 1
ε .
ê ³2®�µ ¬2¼P�¸��¬

©[§b¸��»�´�×�®�»�»�®^¦<¸V¬�¼�§^¬
u(x, t) − (uo(x, t, τ) + εu1(x, t, τ)) = O(ε)

§�¯�²
u(x, t) − uo(x, t, τ) = O(ε)®�¯

0 ≤ t ≤ Loε
−1 §`¯�² 0 ≤ x ≤ 1.

; ¯�²õ¸�®�¦,©�®�±P¬2§`�¯P©"²X¬2¼P©!§�¸�´Uµ�¶P¬�®`¬2�¹¨^§`»��²Gí¬E´�®`×5¬�¼P© ×�®b³�µ�§�»
§`¶�¶P³�®zØG�µ�§^¬��®�¯�¸ L



��������������
���������
�! "���$#&%('*)
�+�*%(�
�,-��./�$,0��)&%132 � R
9 L�ºÒ�Ï(ÕEDbÔ*W)Ö�Ò�Ï�W

B ¯�¬2¼P�¸ ¶�§`¶�©)³ §`¯@�¯P�¬��§`»5ºI±�®b«P¯�²P§�³�´õ¨^§`»�«P©�¶P³�®b±P»�©)µ ×�®�³ §�¦,©[§�ÜU»�´õ²P§`µ�¶�©[²å¸E¬2³��¯P·�¼�§�¸±�©[©)¯
¹�®b¯�¸��²G©[³�©"² L<B ¬ ¹)§`¯�±�©�¸�¼P®^¦I¯õ¬2¼�§^¬�æ�«�¸��¯P·�§X¸�©)µ��·�³2®�«P¶@§�¶P¶P³2®b§b¹7¼�éV¬�¼P©.�¯�í¬2�§�»íº�±�®b«P¯�²P§�³�´4¨^§`»�«P©
¶P³2®�±P»�©)µ æ Í L Í é>º.æ Í L Æ�éK�¸�¦V©[»�»�º�¶�®�¸�©"²�×�®�³

0 ≤ x ≤ 1
§`¯�²

t ≥ 0
L!S ¸��¯P·�§`¯Þ©[¯P©)³2·�´��¯�¬�©)·b³2§�»hí¬

¹)§�¯¾§`»�¸�®$±�©4¸�¼P®^¦I¯ä¬2¼�§^¬�¬�¼P©õ¸�®�»�«G¬��®�¯ç�¸�±�®b«P¯�²G©"² LçN ¼P©4¹�®�¯�¸E¬2³�«�¹�¬��®�¯ç®�×<¬�¼�©4§�¶P¶P³2®zØU�µ�§^¬2�®b¯
�¸>×}§�³×�³�®bµ ±�©[�¯�·�©[»�©[µ�©[¯�¬2§`³2´ L.ê ®�³ �¯�¸�¬2§`¯�¹�©�í¬��¸¯P®`¬�¶�®b¸2¸��±P»�©�¬2®4¸�®�»�¨�©õæ�Æ L Å�È�é<º�æjÆ L Å�ë�é<�¯$¬2¼P©
¹�»�§�¸2¸��¹[§`»9¦�§z´X±U´�µ�§`ÜU�¯P·�¬�¼P©�±�®�«�¯�²P§`³2´�¹)®�¯�²Pí¬2�®b¯õ§`¬

x = 1
¼P®�µ�®b·�©)¯�©)®�«�¸ LdN ¼P�¸<�¸<²G«�© ¬�®�¬2¼P©

¯P®b¯Gº�¹)»�§b¸�¸��¹)§`»�±�®b«P¯�²P§�³�´�¹)®�¯�²G�¬��®�¯â§^¬
x = 1

L�B ¬!¹)§�¯$®b¯P»�´�±�©�²G®�¯P©�±U´�±�§`»�§`¯�¹��¯P·�®b³µ�§`¬2¹7¼P�¯P·
¬�¼�©³2�·�¼�¬�º�¼�§`¯�²X¸��²G©®`×VæjÆ L ÅbÈbér§�¯�²�¬2¼�§^¬I®`×,æ�Æ L Å`ÊUéh±U´�¬2³2§�¯�¸E×�®b³�µ��¯P·

u
�¯4§�¯�§`¶�¶P³�®b¶P³2�§`¬�©<¦�§z´ LQB ¬

§`»�¸�®�¸�¼�®�«P»�²�±�©K¯P®�¬�©"²�¬�¼�§^¬r¬2¼P©¦,§z´�¬�®�¸�®b»�¨b©I¬�¼�©K¦�§z¨�©<©"ª�«�§^¬2�®b¯X¦Ií¬2¼�§.¯P®�¯Gº�¹�»�§�¸2¸��¹[§`»P±�®�«P¯�²P§`³2´
¹�®b¯�²G�¬��®�¯�æ�«�¸��¯P· ¬�¼�©I©)�·�©)¯P×�«P¯�¹y¬2�®b¯�©�ØG¶�§`¯�¸��®�¯�§�¸h¦,©I¼�§z¨b©�²P®�¯P©��¯X¸�©"¹y¬��®�¯XÆbé5�¸d§�¯.©)ØU¬�©)¯�¸��®�¯�®`×
¬�¼�©>¹�»�§�¸2¸��¹)§�»G¦,§z´!¬�®!¸�®�»�¨�©I¸�«�¹7¼�¶�³�®b±P»�©[µ L5ê �¯�§`»�»�´b°b¦,©I¶P³2®^¨�©"²!¬2¼�§^¬h¬2¼P©I×�®�³2µ�§`»�§�¶P¶P³2®zØG�µ�§^¬2�®b¯��¸
§`¯�§�¸�´Uµ�¶P¬�®`¬2�¹,®b¯P©V®b¯.§K¬��µ�©�º�¸�¹[§`»�©V®�×�®�³7²G©[³

ε−1 LQ; »�¬�¼P®b«P·�¼.¦V©I²G�²�¯�®`¬d¹�®b¯�¸��²G©[³�©)Ø�¬2©)³2¯�§`»�×�®b³2¹)©[¸
æ�»�©[§b²G�¯P·õ¬�®@§�¯â�¯P¼P®bµ�®�·�©[¯P©)®b«�¸�P :KT é ¬2¼P©[¸�©X¶P³2®�±P»�©)µ�¸�¹[§`¯Þ±�©�¸�®b»�¨b©[²å�¯ä§�¸��µ��»�§�³�¦,§z´@«�¸��¯P·
¬�¼�©�±�§`»�§`¯�¹)�¯�·.®b³,µ�§`¬2¹7¼P�¯P·�¶P³2®U¹)©[²G«�³�© §�¸�·b�¨b©)¯��¯�¸�©"¹y¬2�®b¯õÆ LQ; ¹�¬�«�§�»�»�´X±U´�¹)®�¯�¸��²P©)³2�¯P·õæ�Æ L Å�È�édº
æ�Æ L Åbëbéd¦V©¼�§z¨�©¸�®b»�¨b©[²X§�¯��¯P¼P®bµ�®b·�©[¯P©)®b«�¸r¶�³�®b±P»�©[µ L5N ¼P© ³2©[¸�«P»�¬2¸V¶P³�©"¸�©[¯�¬�©[²��¯�¬�¼P�¸�¶�§�¶�©[³Vµ�®b¸�¬
»��Üb©)»�´�¹)§�¯�±�©�©�ØU¬�©[¯�²G©"²�¬2®�¦V©"§`ÜU»�´�¯P®�¯P»��¯P©[§�³,¶6²G©"¸I¦Ií¬2¼õ¯P®�¯Gº�¹�»�§�¸2¸��¹[§`»6±�®b«P¯�²P§�³�´X¹)®�¯�²Pí¬2�®b¯�¸ L

» �Y¼0yEu � �8o wa� oq�Lo�yNt � N ¼P©<§`«G¬2¼P®�³7¸5¬�¼�§`¯PÜ-Pd³�®�×�©[¸2¸�®b³©Pd¼ L P L�D�L�T<L ËV» é µ�©)¯�¬h×�®b³h¼P�¸r¹)§`³2©�×�«�»G³�©"§�²G�¯P·®`×Q¸�©"¹y¬2�®b¯4Ê�®�×(¬�¼��¸I¶�§`¶�©)³"°P§`¯�²�×�®�³I¼��¸I¸�«P·�·b©[¸�¬��®�¯�¸V¬2®��µ�¶P³2®^¨�©K¬�¼P�¸I¸�©[¹y¬2�®b¯ L

½!ò\V�ò�Ñ9òPÏ(Õ�ò\W
¾ ��¿6�V� Àz�)þ6w[pEq�g�ù}pEezl9o7ez{3Á$� �h�7~yo7e�Â(wyq�l�ljpEe���Ã[ÄTÅ�ÆvÇ�È*É�Ê Ë�Ê8Ì8Í©Ê¢Î�ÏvË�Ð�Ç+Ñ�Ë�Ð*Å�ÒEÏ(Å�Ó�Ô Ç6Ä0Ë�Ä�Ô Ì¢Ä0Ï(Å�Ð�Õ(ÏvÅ�È�ÏvÖs×�Å�Ê8Ì8Ë�Ä�Ò\Ì¬Ê¢ÎÅ^Ös×�Å�Ø�ÐkÅ�Ê Ì8Í*É�Ï�Ð�Ê ×�Ð�Õ(Å�Ê Ì¢Ë�Ä�Ù�÷)cf�QüÚÀz� �5n"nzt��zü�o2g�i��m�z~�wyt�� � �"� e"wz� � � � ���������`nznb� � � � u � � � �¾ � ¿&Àz� �V�J�5wytm{zl}gjpEkme��FÛbÏsÈ�Ì Ü�ÐkË�×YÉ0Æ¤Ë1Ñ�Ô Ì¬Ä0ÏvÅ�Ð¤Ë�ÉaÏsÐkÅ�Ê�Ë�Ð�Æ�Å�Ä0Ø<Å�É�É0Ô Ì¢ÍvÅ�Ê Ì¢Ë�Ä�ÆkÙ(���)��wyq}{�ø�ezk ~�pEq}ljk gf|�ý�q�pEljl��g	(p��ÞÝ�wyq1ß`���à�áyÿ"�¾ �Y¿rü��bâ(pEe^o7q}{"|�o7ez{-âh� ãQ��â0wy�ypEq�l��\Ã[Ä�Ì¬Ä�Ê ÐkËsØ�×�ÍsÊ Ì¢Ë�ÄLÊ�Ë3É�Å�Ð�Ê Ì¢Å�Ô�Ø�Ì ä*ÏsÐkÏsÄ�Ê8Ì8Å�Ô\ÏvÖs×�Å�Ê Ì8Ë�Ä�Æ��G÷[nzq}kmez�ypEq}u8å�pEq}tso7�z�\	�p��Ý�wyq1ß`�g��à�à��"�¾ æ ¿rü�� ÷��açQq}wyt��Nè+Ä�Åeé"Å�Ô ÏsÐ(Ó�Ì¬ÄTê+Å�ëYÏsÐkÅsÜ�Ì¬ÄaÜ¤È�ÏsÊ¢Î�Ë�Ø©Ñ�Ë�Ð©ÒEÏ(Å�Ó�Ô Ç3Ä0Ë�Ä�Ô Ì¢Ä0ÏvÅ�Ð
ÒNÅ�ëYÏ6Ï(Ös×�Å�Ê Ì¢Ë�Ä�Æ1Ù�ü�o2g�i��zü p�g�i��[�5nznzt��
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